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It has b een thir t y yea rs since the discovery of the Un- 
ruh effect (jUnruhl . Il976h which can be also found under 

the name of Davies-Unruh, Fulling-Davies-Unruh, and 
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FIG. 1 Part of Feynman's blackboard at California Institute 
of Technology at the time of his death in 1988. At the right- 
hand side one can find "accel. temp." as one of the issues "to 
learn" . 



Unruh-Davies-De Witt-Fulling effect. This is a conceptu- 
ally subtle quantum field theory result, which has played 
a crucial role in our understanding that the particle con- 
tent of a field theory is observer depe ndent in a sense 
to be made precise later (iFullind . I1973D [see also lUnruhl 
(119771) ]. This effect is important in its own right and as a 
tool to investigate other phenomena such as the thermal 
emiss ion of particles from black holes faawkind. Il97- 
1975 ) and cosmological horizons ( Gibbons and Hawkia 
19771 ). It is interesting that the Unruh effect was on 
Feynman's list of things to learn in his later years (see 
Fig.[T]). In short, the Unruh effect expresses the fact that 
uniformly accelerated observers in Minkowski spacetime, 
i.e. linearly accelerated observers with constant proper 
acceleration (also called Rindler observers), associate a 
thermal bath of Rindler particles (also called Fulling- 
Rindler particles) to the no-particle state of inertial ob- 
servers (also called Minkowski vacuum). Rindler parti- 
cles are associated with positive-energy modes as defined 
by Rindler observers in contrast to Minkowski particles, 
which are associated with positive-energy modes as de- 
fined by inertial observers. lUnruhl ( 19761 ) also provides 



an ex planation for the conclusion obtained by iDaviesI 
(|197,5D that an observer undergoing uniform acceleration 
a = const in Minkowski spacetime would see a fixed in- 
ertial mirror to emit thermal radiation with temperature 
ah/{2TTkc), and the reason why this is not in contradic- 
tion with energy conservation. Although there are some 
accounts in the literature discussing the Unruh effect,^ 
we believe that this review will be a useful contribution 
for the reasons we list below. 

Firstly, some authors ha ve recently quest i oned the ex - 
istence of the Unruh effect (jNarozhnv et aZ.l . l200ll2004 . 
We believe there are two main sources of confusion, which 
need to be clarified in order to address these objections. 
One is that it has not been made clear that the heuristic 



expression of the Minkowski vacuum as a superposition 
of Rindler states makes sense outside as well as inside the 
two Rindler wedges. Although this point is not central 
to the Unruh effect (Fulling and Unruhl . [200i ) . it will be 
useful to point out that this heuristic expression in fact 
makes sense in the whole of Minkowski spacetime. An- 
other common source of confusion is that the Unruh effect 
is sometimes tacitly assumed to be the equivalence of the 
excitation rate of a detector when it is (i) uniformly accel- 
erated in the Minkowski vacuum and (ii) static in a ther- 
mal bath of Minkowski particles (rather than of Rindler 
particles). There is no such equivalence in general, al- 
though this showed up by coincidence in some early ex- 
amples in the literature (see discussion in Sec. IIILA.4p . 
We emphasize that this point does not contradict the fact 
that the detailed balance relation satisfied by static detec- 
tors in a thermal bath of Minkowski particles is in general 
also valid for uniformly accelerated ones in the Minkowski 
vacuum ^Jnruh, 1976). The identification of the Unruh 
effect with the behavior of accelerated detectors seems 
to have generated sometimes unnecessary confusion. It 
is worthwhile to emphasize that the Unruh effect is a 
quantum field theory result, which does not depend on 
the introduction of the detector concept. In this sense, it 
is better to see the detailed balance relation satisfied by 
uniformly accelerated detectors as a natural consequence 
or application rather than a definition of the Unruh ef- 
fect. In order to exemplify the meaning of the Unruh 
effect as the equivalence between the Minkowski vacuum 
and a thermal bath of Rindler particles, we collect and 
discuss a number of illustrative physical applications. 

The Unruh effect has also been connected with the 
long-standing discussion about whether or not sources^ 
uniformly accelerated from the null past infinity to the 
null future infinity radiate with respect to inertial ob- 
servers. Although some aspects of this issue are surely 
worthwhile to be investigated and the corresponding dis- 
cussion can be enriched by considering the Unruh effect, 
it is useful to keep in mind that the Unruh effect does not 
depend on a consen sus on this iss ue which seems to be 
mostly semantic [see iFullinS ( 2005( ) for a brief discussion 
on it and related references] . We comment briefly on this 
issue in Sec. IIII.A.5I 

Secondly, there have been several recent proposals to 
detect the Unruh effect in the laboratory and it is use- 
ful to review and assess them. We shall emphasize that, 
although it is certainly fine to interpret laboratory ob- 
servables from the point of view of uniformly accelerated 
observers, the Unruh effect itself does not need experi- 
mental confirmation any more than free quantum field 
theory does.'^ 



bee, e.g., IBirrell and DaviesI ||1982|1: iFulling and RuiisenaarL. 
11987^: Ginzburg a nd Frolovl l| l987D : ISciama ei aLl l|l98ll '): lTakagi 
l l98Q) : iWaIdi il994fK 



^ Throughout this review we will use the word "sources" to mean 
scalar sources, particle detectors or electric charges depending 
on the context where it appears. 

^ This statement should be understood in the sense that we are 
dealing with mathematical constructions that stand on their 
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FIG. 2 Histogram depicting the number of citations of lUnruhl 
(|l976l ) over the years. 



Finally, there has been an increasing interest in the 
Unruh effect (see Fig. [2]) because of its connection with a 
number of contemporary research topics.* The thermo- 
dynamics of black holes and the corresponding informa- 
tion puzzle is one of them. It will be beneficial, therefore, 
to review the literature on the generalized second law,^ 
quantum information,^ and related topics with the Un- 
ruh effect as the central theme. 

The review is organized as follows. In Section |TT] we 
review the derivation of the Unruh effect, emphasizing 
the fact that the quantum field expanded by the Rindler 
modes can be used in the whole of Minkowski space- 
time, partly to respond to the recent criticisms men- 
tioned above. We also touch upon more rigorous ap- 
proaches such as the Bisognano-Wichmann theorem in 
algebraic field theory and general theorems on field the- 
ories in spacetimes with bifurcate Killing horizons. A 
brief discussion of the Unruh effect in interacting field 
theories is also included. In Section IIIII we present in 
detail some typical examples which illustrate the phys- 
ical content of the Unruh effect. We start by review- 
ing the behavior of accelerated detectors which can be 
also used to describe the physics of accelerated atomic 
systems. Then, we analyze the weak decay of acceler- 
ated protons and the bremsstrahlung from accelerated 
charged particles. Section ITVl is dedicated to the discus- 
sion of some experimental proposals for laboratory signa- 
tures of the Unruh effect in particle accelerators, in mi- 
crowave cavities, in the presence of ultra-intense lasers, 



own. The assertions follow from the definitions and so do not 
need to be experimentally verified. The fact that "Rindler and 
Minkowski perspectives" give consistent physical predictions is a 
consequence of the validity of these constructions. 
* The data in Fig. [2] should not be used to infer any relative or 
absolute measure of the importance of the Unruh effect. It has 
been introduced only as an illustration on the increasing interest 

in this issue. 

rdl jigSlfrg SSl: Wald (200i|). 



in the vicinity of accelerated boundaries, and in hadronic 
processes. In Section |V] we comment on some recent de- 
velopments concerning the Unruh effect, which include 
the possible reduction in fidelity of teleportation when 
one party is accelerated, the decoherence of accelerated 
systems and the possible observer-dependence of the en- 
tropy concept. We conclude the review with a summary 
in Section IVII Throughout this review we use natural 

units h~c~G = k = l and signature (H ) unless 

stated otherwise. 

It would be impossible to give a completely balanced 
account of so much work in the literature concerning the 
Unruh effect. This review heavily reflects our own experi- 
ence with the Unruh effect, and we fear that we may have 
overlooked some important related papers. However, we 
hope at least to have included a sufficient number of pa- 
pers to allow the readers to trace back to most of the 
important related results. 



II. THE UNRUH EFFECT 

A. Free scalar field In curved spacetime 

Even though the Unruh effect is about quantum field 
theory (QFT) in fiat spacetime, it is useful to review 
briefly the general framework of non-interacting QFT in 
curved spacetime. We treat only the simplest theory, 
i.e. the theory of a Hermitian scalar fleld satisfying the 
Klein-Gordon equation. We present it in a schemati c 
and heuristic way as is done in iBirreU and Davied (|l982l ). 
A mathemati cally more s atisfactory treatment can be 
found, e.g., in lWaldl 

Let us first remind the reader of some important fea- 
tures of QFT in Minkowski spacetime. In this space- 
time the scalar field is expanded in terms of the energy- 
momentum eigenf unctions, and the vacuum state is de- 
fined as the state annihilated by all annihilation opera- 
tors, i.e. the coefficient operators of the positive-frequency 
eigenf unctions defined to be those proportional to e~*'^'°* 
with fco > 0, where t is the time parameter. The coeffi- 
cient operators of the negative- frequency modes propor- 
tional to e''^°* are the creation operators, and the states 
obtained by applying creation operators on the vacuum 
state are identified with states containing particles. No- 
tice that the time-translation symmetry, which enables 
one to define positive- and negative-frequency solutions 
to the Klein-Gordon equation, plays a crucial role in the 
definition of the vacuum state and the Fock space of par- 
ticles. Therefore, in a general curved spacetime with no 
isometrics, there is no reason to expect the existence of 
a preferred vacuum state or a useful concept of particles. 

For simplicity we specialize to {D + l)-dimensional 
spacetimes whose irretric takes the form 



ds^ = [N{x)fdt^ ~ Gab{x)dx''dx^ 



(2.1) 



See, e.g. 
See, e.g. 



Unruh and Wa 
Boussd | |200^ 



where x = (t, x) . The coefficien t N{x) is called the lapse 



Peres and Ternd (120041) . 



function ( Arnowitt et aLl . ll962f ) and Gab is the metric on 
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the spacelike hypersurface of constant t. (All spacetimes 
we consider in this review have a metric of this form.) 
In this spacetime the minimally-coupled^ massive Klein- 
Gordon equation (V^V^ + m'^)(p — 0, which arises as the 
Euler-Lagrange equation from the Lagrangian density, 



(2.2) 



takes the form 



dt{N-^VGdt(j}) - da{N\/GG''^db(t)) + TVx/Gm^^ = 0, 

(2.3) 

where the space indices a and h run from 1 to Z?. 

Given two complex solutions fA{x) and fsix) to the 
Klein-Gordon equation, we define the Klein-Gordon cur- 
rent 

•^(/.,/.)(^) ^ /1(2^)V^/b(x) - /b(x)V^/1(x). (2.4) 

Then, one can readily show that V^J^^^ Jb)^^^ ~ ^' 
Hence, the quantity 



ifAjB)KG = i J d^xVCrif^J^^^j^^ 



(2.5) 



is independent of i, where is the future-directed unit 
vector normal to the hypersurface S of constant t. (The 
integral here and throughout this subsection (Sec. III.A[) 
is over the hypersurface E.) We call this quantity the 
Klein-Gordon inner product of /a and fs ■ For the metric 
(12. ip it takes the following form: 

(/a,/b)kg = » J d°^VGN-\ndtfB-fBdtrA). (2.6) 

The conjugate momentum density 7r(x) is defined as tt = 
dC/d4), where </> = dtcj)- For the metric (|2.1|) one finds 



7r(x) = N-^VG^{x). 



(2.7) 



Note that, if we let pa{x) and pb{x) be the conjugate 
momentum density for the solutions Ja{x) and fB{x), 
respectively, then the Klein-Gordon inner product can 
be expressed as 

{fAjB)KG = i [ d''^[fX{x)pB{x)~p*Ax)fB{x)]. (2.8) 



We assume that the Klein-Gordon equation determines 
the classical field 4>{x) uniquely given a (well-behaved) 
initial data {(f>, tt) on a hypersurface of constant t. This 
property is known to hold if the spacetime is globally 



hyperbolic with t = const hypersurfaces as the spacelike 
Cauchy surfaces.^ 

The quantization of the field (j) proceeds as follows. We 
denote the field operators corresponding to and tt by 
(f) and TT, respectively. One imposes the following equal- 
time canonical commutation relations: 

0(i,x),0(<,x')] = [7r(t,x),^(t,x')] = 0, (2.9) 

0(t,x),7r(t,x')j = i(5^(x,x'), (2.10) 

where the delta- function 6^{x,x') is defined by 

y'd^x/(x)5^(x,x')=/(x'). (2.11) 



Note here that there is no density factor V G on the left- 
hand side. For arbitrary complex- valued solutions fA{x) 
and fB{x) to the Klein-Gordon equation (|2.3p (with a 
suitable integrability conditions) one finds 



[{/a, (^)kG, (0, /b)kg] = if A, /s)kG, 



(2.12) 



from the equal-time canonical commutation relations 
([2:91) and ([2l0l) by using Eq. ([2J| . 

Now, assume that there is a complete set of solutions, 
{fi, /*}, to the Klein-Gordon equation (|2.3p satisfying 

(/.,/,)kg = -{f*j;)KG = S^„ (2.13) 
(/r,/j)KG = (/.,/;)kg-0. (2.14) 

We assume here that the indices labeling the solutions are 
discrete for simplicity of the discussion but its extension 
to the cases with continuous labels is straightforward. In 
Minkowski spacetime one chooses the positive-frequency 
modes as /^'s and, consequently, the negative- frequency 
modes as /*'s. In a general globally-hyperbohc curved 
spacetime without isometrics, there are infinitely many 
ways of choosing the functions fi's. 
Expanding the quantum field (t>{x) as 



J2[a^f^{x)+dlf:ix) 



one finds 



di = {fi,(l))KG, d] = {(j),fi) 



KG- 



(2.15) 



(2.16) 



One can readily show, by using Eqs. (|2.12p . (|2.13p and 
dHH), that 



[ai,aj\ 



[dl,d]]^Q, [di,d]]=S,^ 



(2.17) 



It is customary to allow the field to couple to the scalar curva- 
ture. Thus, the general Klein-Gordon equation takes the form 
(V/jV -I- S,R + m?)(j> = 0. The minimally-coupled scalar field 
has ^ = by definition. 



A Cauchy surface is a closed hypersurface which is intersected by 
each inextendible timelike curve once and only once. A spacetime 
is said to be gl o bally hyperbolic if it possesses a Cauchy surface. 
See, e.g.. lWaldl lll984h . 
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Conversely, if these commutation relations are satisfied, 
then the equal-time canonical commutation relations 
()2.9p and ()2.10|) follow. To prove this, one first shows 
that any two complex- valued solutions /a (a;) and 
to the Klein-Gordon equation (|2.3[) satisfy Eq. (|2.12p by 
expanding them in terms of fi{x) and fi{x) and using 
the commutators (|2.17p . Then, for example, by letting 
fA{t,^) = /s(i,x) and pA{t,:x.) = ~p*g{t,:x.), at a given 
time t and evaluating the Klein-Gordon inner products 
in Eq. (|2.12p at time t, one obtains 



d^xd^x'/sli, x)pB(t, x') [<^(t, x), n{t, x') 
i J d^x/i3(t,x)pi3(i,x). (2.18) 



Since fB{t,'x.) and pB{t,x.) are arbitrary, one can con- 
clude that Eq. (P?TU|) holds at time t. Eq. ([^ can be 
derived in a similar manner. 

The operators and al are called the annihilation 
and creation operators, respectively. The vacuum state 
|0) is defined by requiring di\0) ~ 0. The Fock space of 
states is obtained by applying the creation operators al 
on the vacuum state |0). We call the operator Ni = a|ai 
(with no summation on the right-hand side) the number 
operator in the mode 'i'. However, note that, since it 
is not always easy to construct a (theoretical) detector 
model which is excited when the eigenvalue of Ni changes 
from 1 to 0, say, the operator Ni does not necessarily lead 
to a useful particle concept. 

Since the coefficient operators of the functions fi 
annihilate the vacuum state |0), the choice of the func- 
tions fi satisfying Eqs. (|2.13p and (|2.14p determines the 
vacuum state. For this reason we call the functions fi the 
positive-frequency modes and their complex conjugates /* 
the negative-frequency modes in analogy with the case in 
Minkowski spacetime. Thus, the choice of the positive- 
frequency modes determines the vacuum state. In a gen- 
eral curved spacetime there is no privileged choice of the 
positive-frequency modes, and consequently, there is no 
privileged vacuum state unlike in Minkowski spacetime, 
as we mentioned before. 

Now, suppose that two complete sets of positive- 
frequency modes {/i^"*} and {fj^^} satisfy the Klein- 
Gordon inner-product relations (|2.13p and (|2.14p . where 
the lower-case letters i, j are replaced by the upper-case 

(2) 

equivalents /, J for /) . Since both sets are complete, 

(2) 

the modes /) can be expressed as linear combinations 
of fj'^'' and f^^^* and vice versa. Thus, 



// - 2^ \^ufi + Plifi 

% 



(2.19) 
(2.20) 



By noting that 

an = (/f\/f )KG = (/f\/f^)KG, (2.21) 
f3n - -(/f^*,/f )KG = (/f *,/f^)KG, (2.22) 

one can express /|^^ as a linear combination of /j^'' and 
/f as 



p(i) 



(1)* 



(2.23) 
(2.24) 



The scalar field (f>{x) can be expanded using either of 
the two sets {/f ^} and {/j^^}: 



= T.\^'f^''+^''f^' 

i 



2)* 



(2.25) 



Using the expansion given by Eqs. (|2.19p and (|2.20p . and 
comparing the coefficients of f^^'' and /j''^''*, we find 



E(«/.«f +/3;.«f^): (2-26) 



and similarly by using Eqs. (I2.23P and (|2.24p we have 

=EK^«r'-^;.«!^^^)- (2.27) 

i 

This transformation, which mixes annihilation and cre- 
ation operators, is called a Bogolubov transformation, and 
the coefficients an and Pn are called the Bogolubov coeffi- 
cients. The Bogolubov transformation found its first ma- 
jor application to QFT in curved spacetime in th e deriva- 
tion of particle creation in exp anding universes ( Parkeii 
119681: ISexl and Urbantkj . ll969tl . 

The vacuum states |0(i)) and |0(2)) corresponding to 

the two sets of positive- frequency modes {/P''} and 
(1) 

{fj }, respectively, are distinct if j3ii do not vanish for 
all / and i. For example, the expectation value of the 



number operator N^ 



(1) _ A(l)ts(l) 



a\ ' for the state |0(i)) is 



zero by definition but for the state |0(2)) it can be calcu- 
lated by using Eq. (|2.26p as 



(0(2)|A^f^|0(2))=El/3/^l'- (2-28) 
/ 

We similarly find for the number operator N^ = 

(0(i)|A^f |0(i))=El/3/^l'- (2.29) 



~(2)t-(2) 

a) "a\ ', 



Although the choice of the vacuum state is not unique 
in general, there is a natural vacuum state if the space- 
time is static, i.e. if the spacetime metric is of the form 
(|2.ip with the lapse function N{x) and the metric Gab 
being independent of t.^ In such a case the equation for 
determining the mode functions becomes 

dff, = NG-^^^daiNG^/^C'dbfi) ~ N^m^h. (2.30) 

Then, it is natural to let the positive-frequency solutions 
fi have a ^-dependence of the form e~*"'*, where oJi are 
positive constants interpreted as the energy of the parti- 
cle with respect to the (future-directed) Killing vector^° 
d/dt. If the spacetime is globally hyperbolic and static, 
then this choice of positive-frequency modes leads to a 
well-defined and natural vacuum state that preserves the 
time-translation symmetry. We call this state the static 
vacuum. 

Minkowski spacetime has global timclike Killing vector 
fields, which generate time translations in various iner- 
tial frames. The sets of positive-frequency modes corre- 
sponding to these Killing vectors are the same and are 
the usual positive- frequency modes proportional to e"**^"* 
with kf) > 0, where t is the time parameter with respect 
to one of the inertial frames. Thus, all these Killing vec- 
tor fields define the same vacuum state. 

Now, in the region defined by |t| < z in Minkowski 
spacetime (here, z is one of the space coordinates), the 
boost Killing vector z{d/dt) -f t{d/dz), i.e. the vector 
with t- and z-components being z and t, respectively, is 
timelike and future-directed. Hence, this region, called 
the right Rindler wedge, is a static spacetime with this 
Killing vector playing the role of time translation. Thus, 
one can define the corresp ondin g static vacuum state. As 
was observed bv iFullingj (jl973l ). this vacuum state is not 
the same as the state obtained by restricting the usual 
Minkowski vacuum to this region. This observation is 
crucial in understanding the Unruh effect, as we shall 
explain in the next subsections. 

B. Rindler wedges 

As we have seen in the previous subsection, one has a 
natural static vacuum state in a static globally hyperbolic 
spacetime. Minkowski spacetime with the metric 

ds'^ = dt^ - dx^ - dy^ - dz^ (2.31) 



In fact, if a globally hyperbolic spacetime is stationary, i.e. if the 
metric is independent with {d/dt)f^ being everywhere timelike 
but with the cross term ga, i ^ t, not necessarily vanishing, 
one has a natural vacuum state in this spacet ime u nder certain 
conditions l lAshtekar and Maerionl , [l975.: Kayl . Il97§) . 
A Killing vector Kf^ is a vector satisfying Vfi-ff^ + V^-R'^i = 
K^dagfiiy + gaydi_iK°' + gf_iadiyK°' =0. In a coordinate s ystem 
such t hat Ki^ = {d/dey, one has dg^^/dO = 0. See, e.e.. lWaldl 
(119841) . 

It has been shown bv IChmielowskJ l(l993) that two commuting 
global timelike Killing vector fields define the same vacuum state. 
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FIG. 3 The regions with \t\ < z, \t\ < -z, t > \z\ and t < 
~\z\, denoted RR, LR, EDK and CDK, respectively, are the 
left Rindler wedge, right Rindler wedge, expanding degenerate 
Kasner universe and contracting degenerate Kasner universe, 
respectively. The curves with arrows are integral curves of 
the boost Killing vector z{d/dt) + t{d/dz). The direction of 
increasing U — t — z and that of increasing V = t + z are also 
indicated. 

is of course a static globally hyperbolic spacetime. As 
mentioned above, the part of this spacetime defined by 
\t\ < z, called the right Rindler wedge, is also a static 
globally hyperbolic spacetime. The region with the con- 
dition \t\ < —z is called the left Rindler wedge, and is also 
a static globally hyperbolic spacetime. The region with 
t > \z\, also a globally hyperbolic spacetime though not 
a static one, is called the expanding degenerate Kasner 
universe and the globally hyperbolic spacetime with the 
condition t < —\z\ is called the contracting degenerate 
Kasner universe. These regions are shown in Fig. [3) 
Minkowski spacetime is invariant under the boost 

t ^ icosh/3-|-zsinh/3, (2.32) 
z 1-^ tsinh/3 -f zcosh/3, (2.33) 

where /3 is the boost parameter. These transformations 
are generated by the Killing vector z{d/dt) + t{d/dz). 
The boost invariance of Minkowski spacetime motivates 
the following coordinate transformation: 

t = psinhr;, z = p cosh 77, (2.34) 

where p and rj takes any real value. Then, the Killing 
vector is d/drj, and the metric takes the form 

ds^ = p^dri^ - dp^ ~ dx'^ - dy^. (2.35) 

This metric is independent of rj as expected. The world 
lines with fixed values of p, x, y are the trajectories of 
the boost transformation given by Eqs. (|2.32p and (|2.33p . 
Each world line has a constant proper acceleration given 
by p~^ = const. 

The coordinates {rj, p, x, y) cover only the regions with 
z^ > t^ , i.e. the left and right Rindler wedges, as can 
readily be seen from Eq. (|2.34p . To discuss QFT in the 



7 



right Rindler wedge, it is convenient to make a further 



coordinate transformation p 



77 = ar, I.e. 



t = a"^e°^ sinh 



ar, z = a ^e^^coshar, (2.36) 



where a is a positive constant ( Rindleij . ll966f ). Then, the 
metric takes the form 



e^^^idr' -de)- dx' - dy' 



(2.37) 



This coordinate system will be useful because the world 
line with ^ = has a constant acceleration of a. The 
coordinates (f ,f) for the left Rindler wedge are given by 



t — a ^e°^ sinh ar, z — —a ^e°^ cosh( 



(2.38) 



The Killing vector z{d/dt) + t{d/dz) is timelike in 
the two Rindler wedges and spacelike in the degenerate 
Kasner universes. It becomes null on the hypersurfaces 
t = ±z dividing Minkowski spacetime into the four re- 
gions. These hypersurfaces are examples of Killing hori- 
zons, which are defined as null hypers urfaces to which 
the Killing field is normal (Waldl . Il99^ . 

Since the right (or left) Rindler wedge is a static space- 
time in its own right, it has a natural static vacuum state 
as we noted before. The Unruh effect is defined in this 
review as the fact that the usual vacuum state for QFT 
in Minkowski spacetime restricted to the right Rindler 
wedge is a thermal state with r playing the role of time, 
and similarly for the left Rindler wedge. The correlation 
between the right and left Rindler wedges in the usual 
Minkowski vacuum state plays an important role in the 
Unruh effect. 



C. Two dimensional example 

The two dimensional massless scalar field in Minkowski 
spaceti me is problema tic because of infrared diver- 
gences ( Colemanl . Il973[ ). Nevertheless, this theory is a 
very good model for explaining the Unruh effect, and it 
is not necessary to deal with the infrared divergences for 
this purpose. It also turns out that the Unruh effect in 
scalar field theory in higher dimensions can be derived in 
essentially the same manner as in this model. 

The massless scalar field in two dimensions, $(t, z), 
satisfies 



{d^/dt^ - d^/dz^)^ = 0. 
This field can be expanded as 
dk 



(2.39) 



Ht,z) 



(b-kt 



-ik(t-z) 



-ik(t+z) 



_^f,t_^g«fe(t-^) _^^1^^g»fc(t+3)^ . (2.40) 

The annihilation and creation operators satisfy 

[b±kAk']^5{k-k') (2.41) 



with all other commutators vanishing. By using the def- 
initions 



U = t 



V^t + z, 



we can write 



$(t,z) $_(?/) + $+(U), 



(2.42) 



(2.43) 



where 



$+(U)=/ dk b+,f,iV) + b\JliV) (2.44) 
Jo 



with 



fkiV) = (4^fc)-i/2e-^'=^, 



(2.45) 



and similarly for $_([/). Since the left and right- moving 
sectors of the field, $+(U) and $_([/), do not interact 
with one another, we discuss only the left-moving sector 
$+(U). (Thus, we will discuss the Unruh effect for the 
theory consisting only of the left-moving sector.) The 
Minkowski vacuum state |0m) is defined by 6+fc|0M) = 
for all k. 

Using the metric in the right Rindler wedge given by 
Eq. (|2.37p , one finds a field equation of the same form as 
Eq. (j239)l : 



{oydT^ - d^/de) $ = 0. 



(2.46) 



(This is a result of the conformal invariance of the mass- 
less scalar field theory in two dimensions.) The solutions 
to this differential equation can be classified again into 
the left- and right-moving modes which depend only on 
w = T + ^ and u = T — ^, respectively. These variables 
are related to U and V as follows: 



U = t - z = -a-^e""''. 



V 



t + z 



— 1 av 

a e . 



(2.47) 
(2.48) 



The Lagrangian density is invariant under the coordi- 
nate transformation {t, z) 1— > (r, ^). As a result, by going 
through the quantization procedure laid out in Sec. III.AI 
one finds exactly the same theory as in the whole of 
Minkowski spacetime with (i, z) replaced by (r, ^). Thus, 
we have, for Q <V , 



$+(F) 



dijj 



al^9^{v)+dllgl{v) ,(2.49) 



where 



and where 



g^{v) = (47rL^)"i/2, 



-fit 



5{lo- 



(2.50) 



(2.51) 



with all other commutators vanishing. Notice that the 
functions g^iv) are eigenfunctions of the boost generator 
d/dr. 
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The field can be expressed in the left Rindler 

wedge with the condition V < < U, hy using the left 
Rindler coordinates (r, defined by Eq. (|2.38p . Defining 
V — f — ^, one obtains Eqs. (|2.49p - (|2.5ip with v replaced 
by V and with the annihilation and creation operators 
and a^lj replaced by a new set of operators a'^^ and 



The variable v is related to V by 



V = -a-^e'"". (2.52) 

The static vacuum state in the left and right Rindler 
wedges, the Rindler vacuum state |0r), is defined by 
o^^IOr) =a^^|OR,) ^Oforalla;. 

To understand the Unruh effect we need to find the 
Bogolubov coefficients q^j,, /3^j,, a^j. and (3^^,, where 



dk 

/A-Kk 
dk 

/Ink 



-ikV 



(2.53) 



ikV\ 



(2.54) 

Here, 9{x) = if a; < and 6{x) = 1 if a; > 0, i.e. 6 is the 
Heaviside function. To find a^j. we multiply Eq. (|2.53|) 
by e*'^'^/27r, fc > 0, and integrate over V . Thus, we find 



; — r°° dV 

^ / i^5c.(^) 
V w Jo 27r 



ikV 



^-^1°-^^^ , (2.55) 



We introduce a cut-off for this integral for large V by 
letting V ^ y + ie, £ ^ 0+.^^ Then, changing the 
integration path to the positive imaginary axis by letting 
V = ixjk, we find 



g-Kuj /2a 



'ojk 

-KLJ /2a 



(!) 



~iuj / a 



dx 
2^^ 



X *"/"e- 



— icj/a 



r(l — iuj/a). 



' dx 



(2.56) 



27rv Luk 

To find the coefficients (3^)^ we replace e*'''^ in Eq. (|2.55p 
by e"**^^. Then, the appropriate substitution is V — 
~ix/k. As a result we obtain 

,-7rw/2a /i-,-^-iu)/a 



PSk — 



271 \/ uok 

A similar calculation leads to 

J. '6 



T{l-iuj/a). (2.57) 



a,. 



Pbk 



27rv ujk 
27r\/ wfc 



Vfc 

f- 



r(i 



/ a 



r(i 



- iuj/a), 
iuj /a). 



(2.58) 
(2.59) 



A cut-ofT of this kind is always understood in these calculations in 
field theory, as exemplified by the definition of the delta function 
5{k) = /(da:/27r)e*^-'^l^l = (27ri)-l[(fc - ie)'^ - {k + is)-^]. 



We find that these coefficients obey the following rela- 
tions crucial to the derivation of the Unruh effect: 



Pi 



-e-^-'^'a^l, PSk 



-TTu/a L 



(2.60) 



By substituting these relations in Eqs. (j2.53|) and (|2.54p 
we find that the following functions are linear combi- 
nations of positive-frequency modes e~*'^^ in Minkowski 
spacetime: 

GUV) = eiV)gUv)+ei-V)e---^^g:iv),i2.61) 
GUV) = e{~V)gUv)+e{V)e---^^g:{v).{2m) 

One can show that these functions are purely positive- 
frequency solutions in Minkowski spacetime by analytic- 
ity argument as well: since a positive-frequency solution 
is analytic in the lower-half plane on the complex V- 
plane, the solution g^{v) = (47rw)-i/2(l/)""^/'', V > 0, 
should be continued to the negative real line avoiding the 
singularity at V = around a small circle in the lower 
half-plane, thus leading to (47ru;)-^/^e~^"/°(- y)~^"/° 
for V < 0. This was the original argument by lUnruhl 
(I1976D . 



Eqs. (|2.6ip and (|2.62p can be inverted as 



9{V)gUv) oc GUV)-e- 
0{~V)gUv) oc GUV)~e- 



^/'^G:(F), (2.63) 
'/''GUV). (2.64) 



By substituting these equations in 

^+iV) = J^°° diu [9{V)[a^^gUv)+df^gUv)] 

+OhV)[dl^gUv) + a'^.lgUv)]} , (2.65) 

we find that the integrand here is proportional to 

GUV)[a^^~e~--/''a'^i] 
+GUV)[al^~e-^-/''dfj+R.c. 

Since the functions Gl^{V) and Gl^{V) are positive- 
frequency solutions (with respect to the usual time 
translation) in Minkowski spacetime, the operators 
O'+ui s a^^ ana a^^ 
Minkowski vacuum state |0m)- Thus, 



^-TTuj/ag^m^ annihilate the 



(a?^-e-'^-/'^a^L)|OM) = 0, (2.66) 
(a^^-e---/'^a^l)|OM) - 0. (2.67) 

These relations uniquely determine the Minkowski vac- 
uum |0m) as we explain below. 

To explain how the state |0m) is formally expressed in 
the Fock space on the Rindler vacuum state |0r,) and to 
show that the state |0m) is a thermal state when it is 
probed only in the right (or left) Rindler wedge, we use 
the approximation where the Rindler energy levels lo are 
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discrete. ^"^ Thus, we write Ui in place of w and let 



(2.68) 



with all other commutators among a+(^. , Sl+uj^ and their 
Hermitian conjugates vanishing. Using the discrete ver- 
sion of Eqs. (|2.66p and the commutators (|2.68p . we find 

_^g-27rc^,/a^ (2.69) 



The same relation with and a^lj. replaced by a;^^. 



and a^l^ . , respectively and vice versa, can be found using 
Eq. (|2.67p . By solving these two relations as simultane- 
ous equations, we find 



|0: 



(OmIa 



(e 



|0: 



M 



2-KijJi j a 



ly^. (2.70) 



Hence, the expectation value of the Rindler-particle num- 
ber is that of a Bose-Einstein particle in a thermal bath 
of temperature T — a/iir. This indicates that the 
Minkowski vacuum can be expressed as a thermal state 
in the Rindler wedge with the boost generator as the 
Hamiltonian. 

Eq. (|2.70p can be expressed without discretization. De- 
fine 



duj f{uj)a^^ 



where duj\f{uj)\^ = 1. Then, 



(OM|a+}a?/|0 



M 



qAttuj /a 



(2.71) 



(2.72) 



Exactly the same formula applies to the left Rindler num- 
ber operator. 

It should be emphasized that showing the correct prop- 
erties of the expectation value of the number operators 
d^^jCi^j and a^^^a^j is not enough to conclude that the 
Minkowski vacuum state restricted to the right or left 
Rindler wedge is a thermal state. It is necessary to show 
that the probability of each right/left Rindler-energy 
eigenstate corresponds to the grand canonical ensemble 
if the other Rindler wedge is disregarded. One can show 
this fact by using the discrete version of Eqs. (|2.66p and 
p.67p . First we note that these equations imply 



(a 



.fit 



«il«+c..)|OM)=0. (2.73) 



Thus, the number of the left Rindler particles is the same 
as that of the right Rindler particles for each uji. This 
implies that we can write 



I m —0 



(2.74) 



We comment on how one can discuss thermal states in field the- 
ory without discretization in Sec. III. II 



One can readily find the recursion formula satisfied by 
Km using the discrete version of Eqs. (|2.66p and (|2.67p . 
The result is 



Hence, = e-'^"''^'/'^i^o and 



(2.75) 



|0m) =l[(c^J2 e"""'"'/l".,^) ® \n^,L) , (2.76) 

i \ ri,=0 / 



where Ci = a/I — exp(— 27rcji/a). Here the state with rii 
left-moving particles with Rindler energy Wi in each of the 
left and right Rindler wedges is denoted jn^, i?) (g) jn^, L), 
i.e. 

n I"., R) ® \n^,L) ^ |n ^(.a^lAlr I |0r). 

(2.77) 

If one probes only the right Rindler wedge, then the 
Minkowski vacuum is described by the density matrix 
obtained by tracing out the left Rindler states, i.e. 



PR 



Jl Cf ^ exp(-27rnia;,/a)|n,,i?)(n,,i?| 



ni=0 



(2.78) 

This is the density matrix for the system of free bosons 
with temperature T = a/27r. Thus, the Minkowski vac- 
uum state |0m) for the left-moving particles restricted 
to the left (or right) Rindler wedge is the thermal state 
with temperature T = a/2'K with the boost generator 
normalized on — = 1/a^ as the Hamiltonian. This 
is the Unruh effect for the left-moving sector. It is clear 
that the Unruh effect for the right-moving sector can be 
derived in a similar manner. 



D. Massive scalar field in Rindler wedges 

The Unruh effect for scalar field theory in four- 
dimensional Minkowski spacetime can be derived in the 
same way as for the two-dimensional example. Nev- 
ertheless, in view of the skepticism on the Unruh ef- 
fect expressed recent l y by s ome authors (iBelinskii et~al. , 
1997t iFedotov et ai] . il999t iNarozhnv et al\ . l2002l 12004 : 



Orit: 



2000) we review the Unruh effect in this the- 



ory fF uUingj . I1973I : lUnruhl . Il976l ). drawing attention to 
som e aspects that appear to h ave caused the skepticism. 
[See iFulling and Unruhl (I2004D for an explanation as to 
why this skepticism is unfounded.] 

The free quantized massive scalar field $(t, z,xj^), 
xj^ = {x,y), can be expanded as 

Ht,^,^±) = JdM4luJk.i.^+al%Jl^J, (2.79) 

where the positive-frequency mode functions are 

/fe,k,(t,z,Xi) = [(2^)32fco]-i/2e-^^-«*+^'=^^+'^''--'^- 

(2.80) 
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with k I 



{K,ky) and fco = ^Jkl+'k\ + \ 



The 



Klein-Gordon inner product can readily be calculated as 

(/fe.k,,/feik'jKG = (5(A;,-A;i),52(ki-kl),(2.81) 
UU^Jk^'Jkg = 0. (2.82) 

Hence, quantizing the scalar field z, x_l) by imposing 
the equal-time commutation relations (|2.9p and (I2.10p . 
we find 



= <5(fc,-fc;)<52(ki-kl) 



(2.83) 



with all other commutators among annihilation and cre- 
ation operators vanishing. 

The field equation in the right Rindler wedge with the 
metric (|2.37p can readily be found fi'om Eq. ()2.30p by 
letting N — e"^ and the metric of the hypersurfaces with 



constant r be diagonal with G^j 
1. Thus, 



and G^.^ = Gy 



97^ 



9^ 



(2.84) 

The positive-frequency solutions are chosen to be pro- 
portional to e~^^'^ , where w is a positive constant. This 
choice corresponds to the static vacuum state with re- 
spect to the T-translation, i.e. the Rindler vacuum state. 
It is also clear that one may assume that they are propor- 
tional to e^^ "^^. Thus, we write the positive-frequency 
modes as 



1 



-iuJT-\-i\Lj_ -Xj^ 



27rV2tj 

with the function gujk_i_{C) satisfying 



(2.85) 



9ukAi)^u:'g^uAC}- (2.86) 



This equation is analogous to a time-independent 
Schrodinger equation with an exponential potential. 
Thus, the physically relevant solutions gc^k^ (C) tend to 
zero as ^ ^ -l-oo and oscillate like e^*"^^ as ^ ^ —00. 
Note in particular that there is no distinction between 
the left- and right-moving modes. We choose g^jk^iO to 
satisfy, for ^ < and |^| ^ 1, 

g^kAO ~ ^(e^[-«+^(-)l + e-*K+T(-)l), (2.87) 
V 27r 



where 7(0;) is a real constant. This choice of normaliza- 
tion implies [see, e.g., iFullind (|1989D ] 



(2.88) 



We present the derivation of this formula in Appendix \X\ 
for completeness. As a result we have 

(^<?k,,t'5'k'jKG = 5{uj-oj')S\k^--kA, (2.89) 

(^^k^^^'^k'jKG = 0. ^ (2.90) 

The Klein-Gordon inner product here is defined taking 
the hypersurface E in Eq. p.Sp to be a r = const Cauchy 
surface of the right Rindler wedge. It can also be de- 
fined taking S to be the entire t = hypersurface of the 
Minkowski spacetime by defining v^^^^ = in the left 
Rindler wedge (and on the plane t = z = for definite- 
ness). The functions g^jk^iO satisfying the differential 
equation (|2.86p and normalization condition (|2.87p are 



2uj sinh(7raj/a) 



1/2 



K^^/a (2.91) 



with K = (fc^ -I - m?Y/'^, where K^(x) i s the modified 
Bessel function ( Gradshtevn and Rvzhikl . I198G| ). Hence, 



sinh(7ra;/a) 



-,1/2 



(2.92) 

We present the derivation of this result in Appendix |^ 
as well. Thus, we can expand the field $ in the right 
Rindler wedge as 



du, I d2k^(a^k^z;^,^+aX«^k, 



(2.93) 

Then, according to the general results presented in 
Sec. III.Al we have 

[«5k,: «f'k', ]=Siu;- cj')6^ik^ - k'^) (2.94) 



with all other commutators among afj^j^ ^^'^ '^^'L± van- 
ishing. 

Quantization of the field $ in the left Rindler wedge 
proceeds in exactly the same way. The positive-frequency 
modes w^^jj.^ (f, x_l) are obtained from u^^i^^ (r, ^, x_l) 
simply by replacing r and ^ by f and ^, respectively. The 
coefficient operators afl^j^ satisfy the commu- 

tation relations 



r-L -it 



(2.95) 



with all other commutators vanishing. Thus, one can 
expand the field $ in the left and right Rindler wedges 
as 
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dco 



'^^ (r, e, ) + a;:;^, z;^^^ (f , ^, ) + a^],^ v^^l^ (t, ^, x^ ) 



(2.96) 



The Rindler vacuum state |0r) is defined by requiring 
that a^k^lOn) = cl^uJ^'r) = foi" ^-l^ ^ and k_L. As it 
stands, this expansion makes sense only in the Rindler 
wedges. However, it will be shown that the modes 
'^Sk ^^'-^ "^tk *^a^ naturally be extended to the whole 
of Minkowski "^spacetime [see Eqs. (|2.112p . (|2.113p and 
(I2.114P ]. After this extension we shall see that Eq. ((2^ 
gives just another valid mode expansion of the field $ in 
Minkowski spacetime.^'' In particular, in Sec. III.Fl the 
two-point function calculated using this expansion in the 
state |0m) will be shown to give the standard result in 
Minkowski spacetime. 



E. Bogolubov coefFicients and the Unruh effect 

In this subsection we find the Bogolubov coefficients 
between the two expansions of the massive scalar field 
$ in Minkowski spacetime and derive the Unruh effect, 
i.e. the fact that the Minkowski vacuum state is a thermal 
state with temperature T = a/27r on the right or left 
Rindler wedge. 

It is clear that the Bogolubov coefficients between 
modes with different kj^ are zero. Thus, we can write 
in general 



dky r 

, [c 
-co v47rfco 

dk, r 



jkz k± 



^ — ikot-{-ikz z 



^ikat—ik^zl ^ 



J 27r 

-ik^)t'\-ikz z 



27r 



(2.97) 



(2.98) 



We are assuming here that the modes v^, and v^, 
have been suitably extended to the whole of Minkowski 
spacetime. The relation between (r, ^) and (t, z) given by 
Eq. (|2.36p is the same as that between (f,^) and (t, —z) 
given by Eq. (|2.38|) . Hence, v^^^ is obtained from v^^^^ 
by letting z i— *■ — z. From this observation we find the 
following relations: 



L 

^ojkzk. 



R oL 
^Lj—kzk±^ Piukzk^ 



nR 

i-^uj —kz k\ 



(2.99) 



These Bogolubov coefficients will be found explicitly 
later, but it is clear from the discussion of the mass- 



This point is emphasized in lBirrell and DaviesI lll982t) . 



less scalar field theory in two dimensions that the Unruh 
effect will follow if 



e-^"/'^«^;lkJ|OM> 

,-7rw/a--R.t 



0, 



(2.100) 

(«ik,-e---/'^CLkJ|OM) = 0. (2.101) 



[See the corresponding equations (|2.66p and (|2.67p in the 
two-dimensional model.] These relations in turn will re- 
sult if the following modes are purely positive-frequency 
in Minkowski spacetime: 



.,R. 



W- 



u) — k I 



o—^thjJ I a 



(2.102) 
(2.103) 



[See the corresponding equations p.6ip and (|2.62p in the 
two-dimensional model. 1 This fact in turn will follow if 



kz k\ 



_ —-Kijj I a 
^ ^ujkzkii 



'k.k\ 



okz k\ 



(2.104) 

[See the corresponding equation (|2.60p .] Wc shall show 
Eq. (|2.104p by explicit evaluation of the Bogolubov coeffi- 
cients, which were originally computed by Fulling) (|l973f ). 

To calculate the Bogolubov coefficients it is convenient 
to examine the behavior of the solutions on the future 
Killing horizon, t = z, t > 0. There we have 

R -i{ko-kz)V/2, 



Jiko-kz)V/2 



„ikj^-xi 

2tt 



(2.105) 



On the other hand, using the small-argument approxi- 
mation (jAlOp for the modified Bessel function, we have 

for ^ — > ~oo 



— [a sinh(7rcLi/a)] 



-1/2 „»k^ 



Air 



{K/2ay 



/a^—iuju 



{K/2a) 



— iuj I a^—iujv 



r{l + iuj/a) 



r(l — iuj/a) 



(2.106) 



where we recall k = (fc^ -I- m^Y^'^. The first term inside 
the parentheses in this equation oscillates infinitely many 
times as M ^ oo, where the future Killing horizon is, and 
is bounded. Such a term should be regarded as zero. 
Hence, the Bogolubov coefficient a^j, j, is obtained by 
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multiplying Eq. (|2.106p by e*^'^'' and integrating 

over V as 



A^irako sinh(7ra;/a)r(l — iuj/a) 
Jo 



^-KLJ /2a 



Ank^a sinh(7rti; / a) \kQ ~ k 



fcn 



ij/2a 



(2.107) 



where we have used k = (fco — kz){ko + kz). Note that 
we have implicitly chosen a particular (and natural) ex- 
tension of the modes v\ to the whole of Minkowski 
spacetime. [Otherwise it should not be possible to find 
the coefficients Bogolubov coefficients a^k^kj_ ^^'^ 0^k^k± 
in Eq. (|2.97p ]. In particular, we have excluded any delta- 
function contribution at V — 0. 

By muhiplying Eq. (|2.106p by e-*('=«-'=-)^/2 and inte- 
grating over V we find 



r'ujkz k 



/2a 



inkoa sinh(7rcj / a) yko — k. 



ko + kz 



Introducing the rapidity 'd{kz) defined as 



J /2a 



(2.108) 



(2.109) 



and using Eq. ()2.99|) . we have 



uk^ k± 



r^ujk, k_\ 



'-^uj -kz k± 

^—i'd{kz )lo / a 

^27rfcoa(l - e-^^'^/a)' 

(^uj —kz k± 

g— TTLJ /a ^ — i'd{kz)(^ / a 

v/27rfcoa(l - e-^^'^/a)' 



(2.110) 



(2.111) 



Hence, Eq. (|2.104p is satisfied and as a result the vacuum 
state |0m) restricted to the left (or right) Rindler wedge 
is a thermal state with temperature T = a/27r with the 
boost generator normalized on — = 1/a^ as the 
Hamiltonian. 

Although we have now established the Unruh effect, 
it is useful to examine the modes natural to the Rindler 
wedges further for later discussion. The purely positive- 
frequency modes in Minkowski spacetime defined by 
Eqs. (|2.102p and (|2.103p are 



dkz 



8a nko 

gjkj_-xj 

X 

27r 



g±'ti9(A;^ )Lj/a ^—ikot-^ikzZ 



(2.112) 



The modes w.^i, and w.^i, , which vanish in the left and 
right Rindler wedges, respectively, are expressed in terms 



of these modes as 



^-Tvuj/a^* 



^-TTu/a^-^ 



— UJ — k I 



(2.113) 
(2.114) 



These formulas and Eq. (|2.112p give the modes v^^^^^ and 
w^jj.^ as distributions in the whole of Minkowski space- 
time. One can verify that the modes w±cjkj^ satisfy 

(2.115) 
(2.116) 

with all other Klein-Gordon inner products among 
w±i^ki and their complex conjugates vanishing. Here 
the Klein-Gordon inner product is defined as an inte- 
gral over the t = hypersurface in Minkowski space- 
time. The following formula, which can be shown by us- 
ing dd{kz) = dkz/kf), is useful in calculating these Klein- 
Gordon inner products: 



dk. 



2Tiah 



(2.117) 



It is worth emphasizing that these modes form a com- 
plete set of solutions to the Klein-Gordon equation, not 
only in the left and right Rindler wedges but also in the 
whole of Minkowski spacetime. This fact can readily be 
seen by inverting the relation 1)2.112^ : 



1 



v/2fco(27r)3 
1 



(2.118) 



One m ay object to this conclusion as do lBelinskii et al\ 
(I1997D jecause the modes Wii^k^ were originally defined 
only on the left and right Rindler wedges, which are open 
regions; in particular, these modes are not defined on the 
plane t — z — 0. However, the formula ()2.112p gives 
the positive-frequency modes 'w±^kj^ in terms of the mo- 
mentum eigenf unctions unambiguously as a distribution 
over the whole of Minkowski spacetime. In other words, 
if f{t,x) is a compactly-supported smooth function on 
Minkowski spacetime, whose support may intersect the 
plane t — z — 0, the mode functions Wii^k^ smeared 
with / is well defined and unique. That is. 



r(±'^,ki) 



°° dkz 



v27rafco 



r{kz,k^), 

(2.119) 
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where 



1 



j4 

a xe 



/(i,x). 



V(27r)32fco 

(2.120) 

rather than w±uj]n^ here for later 



We have used W^^y. 
convenience. Note that the function /*^(fc2,kj_) tends to 
as fcj ^ ±oo faster than any powers of jfe^ due to the 
smoothness of f{t,x). This imphes that the integral in 
Eq. (|2.119p is absolutely convergent. [In fact Eq. (|2.119p 
should be taken as the definition of the modes wl. ,^ as 
distributions over the full Minkowski spacetime.] 

Since the modes w±ujkj^ and w^cjk^ form a complete 
set of solutions in Minkowski spacetime, the Rindler 
modes v^^^^ and Wj^^^ and their complex conjugates form 
a complete set as is clear from Eqs. (|2.102p and (j2.103l) . 
Related comments will be made in the next two subsec- 
tions. 



F. Completeness of the Rindler modes in Minkowski 
spacetime 

In the previous subsection we commented that the 
Rindler modes form a complete set of solutions to the 
Klein-Gordon equation in Minkowski spacetime. To em- 
phasize this point again we show in this subsection that 
the Wightman two-point function is correctly reproduced 
everywhere in Minkowski spacetime even if we use the 
Rindler modes. It is our hope that the calculation here 
will dispel any suspicion that the Rindler modes may be 



incomplete due to the singularity on the hypersurfaces 
t = ±z. 

The two-point function in the Minkowski vacuum state 
is well known to be 



dk,(Pk I 



2fco(27r)3 



-L —ik-(x—x') 



(2.121) 



where x — (i, z,xj^) and similarly for x' . To calculate 
the two-point functions with the Rindler modes we use 
the expansion (|2.96p with the Rindler modes "y^^^ and 
i;5k^ given by E qs. dgJ UD, (^11^ and ^JT^. By 
Eqs. (|2.100p and (|2.10ip we see that the Rindler anni- 
hilation operators can be written as 



+ LU — kj 



g— 27raj/a 



— uj — k I 



-2txuj I a 



(2.122) 
(2.123) 



where the operators &±tjkx annihilate the Minkowski vac- 
uum |0m) and have the following standard commutation 
relations: 

[^'±c.k, , bi^,^,J = S{cj - u;')S'{k^ - kl) (2.124) 
with all other commutators vanishing. Eqs. (|2.122p and 
()2.123p can be used to find the following expectation val- 



(Om 


1 flt 


_«5ki 


|0m) 


= (Om 


1 if 


(Om 






|0m) 


= (Om 


1 L 

|a^k 


(Om 


kik. 


_«5k^ 


|0m) 


= (Om 





|0m) = (e'""/'' - ir'Siio - Lo')d'ik^ - kl), (2.125) 
1'^ |0m) = (1 - e'^^^^^)-'6{ij ~ Lu')S\kj_ - kl), (2.126) 
'k'jOu) = (e"-/''-e-"'"/'^)-i(5(cc;-cj')'5'(k± +kl). (2.127) 

The vacuum expectation values of the other products of two creation/annihilation operators vanish. Then, the two- 
point fimction of the field <I>(a;) given in Eq. p.96p is 



A(x;x') = rfc^y d2k^{[^;i^kJx)^;X(^')+«^kJ^)«^kJ^')](l-e-^^"/'^)-^ 

+ [vSLi^)vS^.A^') + vt*kJx)vXix')] {e'--/^ 1)-' 
+2 KkJ^)«f;-kJ^') + vS:Ax)v^*^^Ax')] [e--/^ - e---'^) 
+2 [«ikj^)«5-kj^') + v^lMv^-^^Ax)] {e--/^ - e---/^)} . (2.128) 
This expression can be simplified using Eqs (|2.113p and (|2.114l) as 



A(x; x') = divj d^k^ [w+^i,^ (a^X^k, i^') + ^--k, ix)w*_^i,^ (x')] , (2.129) 

where 'w±ujk± are given by Eq. ()2.112p . Thus, 

A(x;x') = -r duj ^ ^^(fc') / rf2j^^g»[^(fc.)-^(fc^)]../ag-»fc„t+,fcit'+,fc..-»fc^.'+^k^.(x^-xi)_ (2.130) 

327r4a J__^ ko J 
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The uj- and i?(fc^)-integration can readily be performed, 
and we find that the two-point function indeed takes the 
form given by Eq. (|2.12ip . 

The expression (|2.129p is undefined if either of the two 
points is on the hyperplane t = ±z. However, since the 
two-point function A(a;;a;') is defined as a distribution, 
it is well defined on the whole of Minkowski spacetime if 
the following integral exists for all compactly-supported 
functions f{x) and g{x): 



(2.131) 



We find using Eq. ([2A29ll 

F{f,g) = dcuj d^k^ 

X 'f^*{-uj,k^)g^{-uj,k^) 
+/^*(-|-^,ki).g^(+co,ki)] , (2.132) 

where is defined by Eq. (|2.119p , and g^ is defined sim- 
ilarly. It can readily be shown that this agrees with the 
standard expression for the smeared two-point function. 



F{f,g)= I d^k/^^*(k)g-(k) 



(2.133) 



where is defined by Eq. (|2.120[) and the Fourier trans- 
form is defined similarly. 



G. Unruh effect and quantum field theory in the expanding 
degenerate Kasner universe 

In this subsection we review the relation between the 
modes in the Rindler wedges and those in the expanding 
degenerate Kasner universe. It is well known that there 
is a choice of the positive-frequency modes in the degen- 
erate Kasner universes th at gives a state identical to the 
Minkowski vacuum (.Fulling 0^^974) . We first show 
that these positive-frequency n iodes are in fac t the modes 
w±cjk± in the Rindler wedges ( Gerlachlll988l ). Then, we 
show that the Rindler vacuum state |0r) is identical to 
one of the states in the expandi ng degenerate Kasner uni- 
verse found i n the literature ( Birrell and Davie^ . Il982l : 

We introduce the following coordinate transformation: 



t = TcoshaC, z = T'sinha^. 



(2.134) 



With T > the coordinate system (T, C,x_l) covers the 
region with the condition t > \z\, i.e. the expanding de- 
generate Kasner universe. Then, the Minkowski metric 
becomes 



ds^ = dT'^ - a^T^dC - dx^ - dy^ 



(2.135) 



The hyperplanes of constant T are spacelike, and the 
variable T plays the role of time. Hence, the T = const 
space expands in the ^-direction linearly. We note that 



t + z 



(2.136) 



and that {t^ - 2^)1/2 ^ t. 

Let us change the integration variable in the expression 
(|2.112p for modes w±^]i^ from kz to the rapidity 'd = 
d{kz) [see Eq. (|2.109p ]. Then, we have 



fco = Kcosht?, 



Ksinhz?, 



(2.137) 



where k = {k\ + m^)^/^ as before. Thus, we obtain, 
using Eq. I|2.136p after shifting of the integration variable 
as 'd ^ -d + aC,, 



J-oo VSOTT 
X exp {-iKTcosh-d) . (2.138) 

The i?-integral is the same for both signs of e^^'^^^"' 
because the imaginary part of the integrand is odd 
in d. Adopting the minus sign a nd using the for- 
mula ( Gradshtevn and Rvzhikl . ri980f ) 



t/2 



with u — iuj/a^ we find 



^—ix cosh t—yt 



dt 



(2.139) 



(2.140) 



These modes are well known to form a complete set 
of positive-frequency mo des which correspo nd to the 
Minkowski vacuum state ( Fulling et aZ.I . [l973 ). 

Now, from Eq. (|2.113p we find that the positive- 
frequency modes with respect to the boost generator in 
the right Rindler wedge corresponding to the Rindler vac- 
uum state take the following form in the expanding de- 
generate Kasner universe: 



{^'^^^'^^Sa(-r)+[i?3„(«:r)]*}. 

(2.141) 



Then, recalling the fact that [hI'^^ ( 



H^y^ix) if is 



pur ely imaginary and if x is real and using the formu- 
las ( Gradshtevn and Rvzhikl . ri980t ) 



e-ili^j(z) = i/(^)(z), 
with V = —iuj I a in Eq. (j2.14ip . we find 



(2.142) 
(2.143) 



! ^ 

27r-\/ 4a sinh(7raj/a) 



J-^^|a{^^T)■ (2.144) 
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In exactly the same manner we find that the left Rindler 
modes v^y^^ are given by Eq. (|2.144p with e~''^^ re- 
placed by e*'^^ in the expanding degenerate Kasner uni- 
verse. These modes have been identified as the positive- 
frequency modes corresponding to a state which is in- 
equiyalent to the M i nkows ki vacuum ( Birrell and Davie^ . 
119821: iFulling all . Il974[) . Thus, the Rindler vacuum 
state I Or) is in fact one of the states in the expanding 
degenerate Kasner universes given in the literature. 



H. Unruh effect and classical field theory 

Although the Unruh effect, like the Hawking effect, is 
a quantum effect, its derivation docs not involve any loop 
calculations. It is also the result of properties of classi- 
cal solutions to the field equation. These observations 
naturally lead to the following question: "Are there any 
aspects of the Unruh effect that can be described entirely 
in the framework of classical field theory?" In this con- 
text, it is useful to note that, although the Unruh tem- 
perature T = ha/(2'Kc) (at ^ = 0) is proportional to h, 
since the energy of a particle can be written as E — fuo, 
where uj is the angular frequency, the Boltzmann factor 
exp(— i?/r) — exp(— 27rajc/a) is independent of h. This 
is consistent with the fact that the Bogolubov transfor- 
mation encoding the Unruh effect is derived using only 
classical solutions. It is indeed possible to define some 
quantities in classical field theory w hich exhibit what one 
may call the classical Unruh effect (jlliguchi and Matsasl . 
I1993D as we briefly describe here. 

We consider the classical scalar field 4> in Minkowski 
spacetime satisfying (□ -|- rn?)4> = 0. The energy- 
momentum tensor is 

T^. = V^0V,0 - 5p.(V,(/)V"</) - m202)/2. (2.145) 

Now, if AT'' is a Killing vector, then the current J^^^ 
defined by 



(2.146) 



is conserved because of the Killing equation and the equa- 
tion VpT^" = 0. Hence, the energy associated with the 
Killing vector X'^ defined by 



Ex ^ I 



7 7^ 



(2.147) 



where S is a Cauchy hypersurface and is the future- 
directed unit vector normal to S, is conserved. If T'^ 



However, we find the claim by ' Barut and Dowlinel (119901 ) that 
the Unruh eff'ect can be explained without invoking a thermal 
bath rather misleading. If one were to describe physics in the 
Rindler wedge with the boost generator as the Hamiltonian, then 
the thermal bath with the temperature a/2n would definitely be 
a necessary ingredient. 



is the time-translation vector, then the energy Et with 
^ is the ordinary energy. If i?^ = a[z{d/dt)'' + 
t{d/dz)^], i.e. the boost Killing vector (normalized at 
^ = 0), then Eft with X^^ = is the Rindler energy. 

It is convenient for our purposes to rewrite the energy 
Ex as 

Ex = (V2)(0, X^Vf,(t>)KG- (2.148) 
This can readily be established, by using the equality 



(/.V^(X"V, 



a:"Vc.0v„(/) + 2a:"t„ 



(2.149) 



Now, one can divide the scalar field into the positive- 
and negative-frequency parts with respect to the time- 
translation Killing vector as 



(2.150) 



where the negative-frequency part is the complex con- 
jugate of the positive-frequency part, (t)''~^\x) = 
[(/)(+-^) (a;)]* , and where the positive-frequency part is 
given as 



4>^^+\x) = 




CT(k)e-^'=o*+^''-L-''^, (2.151) 



for some function CT(k). Then, since T^9^ = dt, we find 
the energy by using Eq. (|2.148p as 



Ej 



(2.152) 



It is natural to define the quantity Nt by dividing the 
integrand fco|cT(k)p by kg as 



Nt = j d^k|cT(k)|2 



(2.153) 



because the expected quantum-mechanical particle num- 
ber is Nx/h. We call Nt the classical Minkowski particle 
number. It is clear that 



7Vt = (0(^+\(/.(^+)) 



KG- 



(2.154) 



Now, if the field cj) vanishes in the left Rindler wedge, 
then it can be expanded in terms of the right Rindler 



modes v\ . Thus, we have 



(x) = 0(^+) (a;) + (x), 



(2.155) 



where the positive-frequency part with respect to the 
boost Killing vector is defined by 



<j,^^+\x) ^ duj I d2k^cfl(c.,ki)t;«k. 



(2.156) 



for some function cn{u!,'kj_), and the negative- frequency 
part is (j)'-^-^{x) ^ [(f>'-^+y{x)]* . The Rindler energy is 
found by letting Xf" = Rf" in Eq. (|2.148p as 



Er^ diU I d'k^Lu\cR{LU,k^)\' 



(2.157) 
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We can define the classical Rindler particle number as 
Nr = dij J cPk^\cRiLo,k^)\^. (2.158) 



Then we have 



KG- 



(2.159) 



It is possible to express the Minkowski particle number 
Nt in terms of Cfj{uj,'k±) as follows. From Eq. (|2.113p 
we find 

= ^iT+) _^^iT-)^ (2.160) 
where 

</.(^+) = r dcj [ d^k^ 



C7j(cj,kj 



-7TUj/a 



■yjj^ g— 27ra;/a 

C* (w,k_L) 



. (2.161) 



Then, using Eq. (|2.115p . we obtain the classical 
Minkowski particle number as 



= / duj d^kj^lcflXw, kj^)p coth — . 
Jo J a 

(2.162) 

Comparing this expression with that for the classical 
Rindler particle number (j2.158p , we find that the Fourier 
components with respect to the Rindler time r of the 
classical Minkowski particle number is enhanced by a 
factor of coth(7raj/a) in comparison to those of the clas- 
sical Rindler particle num ber. We refer the reader to 
iHiguchi and Matsad ( 19931 ) for the interpretation of this 
formula in the context of the Unruh effect. 



I. Unruh effect for interacting theories and in other 
spacetimes 

In this subsection we briefly mention some works which 
extend the Unruh effect to interacting field theory and 
other spacetimes. 

Let us first d isc uss the work of 
iBisognano and WichmannI ( 19751 Il976t ). who de- 
rived the Unruh effect for (interacting ) qua.ntum 
field theory satisfying Wightman axioms (iJostl . 119651: 
IStreater and Wightmanl . Il964 IWightmanl . 119561) . The 
Unruh effect was not presented as the main result 
in their work, and it was only several years after its 
publication that its connection to the Unruh effect was 
discovered by Sewell, who also extended their derivation 
of the Unruh effect to a class of spac etimes i nclud ing 
Schwarzschfld and de Sitter spacetimes ( Sewelll . [19821 ). 



In order to discuss the work of Bisognano and Wich- 
mann, it is necessary to review a mathematically more 
satisfactory way to define a thermal state in quan- 
tum field theory , which is called the KMS condi- 
tio n (iHaag etaU . [l967). [The initials KMS stand 
for iKubol (|1957I )" and lMartin and Schwingeil lll959D .] We 
first explain (one version of) the KMS condition for a 
quantum system with a finite number of energy levels 
with a Hamiltonian H and a complete set of eigenstates 
\n) with energy En- The expectation value of an operator 
A in a, thermal state with inverse temperature (3 = \/T 
is 

(^). - ^^^^^^3^ - (2.163) 



Tr(e-'3ff) 



Let Ti. be the Hilbert space spanned by \n). This thermal 
state is realized as a pure state in the Hilbert space Ti^TL 
as 



-/3£;„/2 



n) « \n) 



-I3E„ 



(2.164) 



if the operators A on 7i are identified with A'^'^^ — I ® 
where / is the identity operator. That is, 

{(3\A(^^\(3)^{A)0. (2.165) 

The time-evolution operator is taken to be 

exp(-ii/(^'T) = exp{iHT) (g) exp{~iHT). (2.166) 

Now, let us define an anti-unitary involution J^'^'' by 

J^^^aln) ^\m) = a*\m) ®\n), (2.167) 

where a is any c-number. Then, the operator J^'^^ com- 
mutes with the time-evolution operator: 

jt'^) exp(-ii/("'T) = exp(-ii/('='r)j(*=', Vt e M. 

(2.168) 

One can also show by an explicit calculation that, for any 
operator A given by a matrix as A\n) — \m)Amm 



exp 



(-i7('=)/3/2)i('=)|/3) = 



(2.169) 



It can readily be seen that, in our model with a finite 
number of energy levels, Eq. (|2.169p implies that the state 
1/3) must be given by Eq. ()2.164p up to an overall phase 
factor. 

In algebraic field theory a state^^ that allows a Hilbert 
space representation satisfying the conditions (|2.168p and 
(|2.169p is called a KMS state at inverse temperature /?. 
Thus, the Unruh effect in algebraic field theory is the 
statement that the Minkowski vacuum restricted to the 



^® In algebraic field theory "a state" means, roughly speaking, "a 
density matrix" in general. 
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right Rindler wedge is a KMS state at inverse temper- 
ature P = 27r/a if the time-evolution is identified with 
a boost, which is the r-translation in the Rindler coor- 
dinates (|2.36p . Remarkably, the doubling of the Hilbert 
space and the involution J^'^-' in the above construction, 
which might look somewhat artificial in the context of 
statistical mechanics, naturally arise here. Thus, given 
the QFT in the right Rindler wedge with a boost gen- 
erator as the Hamiltonian we 'extend' it by including 
the left Rindler wedge and operators acting there. The 
extended boost generator automatically takes the form 
(|2.166p since the corresponding Killing vector field is 
past-directed in the left Rindler wedge. 

In the two-dimensional model (with only the left 
movers) the involution J^*^-* is defined by requiring 



J'^^IOm) = |0m), 



(2.170) 
(2.171) 
(2.172) 



Note that [J^'^)]^ = / o /. The involution j'-"') is in 
fact the PCT transformation, i.e. the anti-unitary trans- 
formation ^{t, z) I— > $(— i,— z) in this two-dimensional 
model. For the four-dimensional scalar field it is the tt- 
rot ation about the z-axis times the P CT transformation 
[see iBisognano and WichmannI ( 1975( )]. With these defi- 
nitions one can readily verify that Eqs. (|2.66p and (|2.67p 
imply Eq. (I2.169|) . The commutation relation (I2.168|) fol- 
lows from the fact that the Lorentz boost commutes the 
PCT transformation. 

T he derivation of t he Unruh effect 
by IBisognano and WichmannI ( 19751 ) using the al- 



gebraic approach was for any interacting scalar field 
satisfying the Wightman axioms. They also gen- 
eralized this result to quantum fiel ds of arbitrary 



spins ( Bisognano and WichmannI . Il976h . They showed 
that the Minkowski vacuum restricted to the right or 
left Rindler wedge is a KMS state as explained above. 
For the four-dimensional scalar field theory, for example, 
if exp(— ii^a) is the boost operator corresponding to 

t 1-^ t{a) = t cosh aa + zsmh aa, (2.173) 
z I— > z(q!) = tsinhaa -|- zcoshaa, (2.174) 

then, for a — in/a, one has {t, z) i—> {—t, —z). Bisognano 
and Wichmann proved, roughly speaking, that this fact 
translates to 

exp(-i4:Va)$(i^'\ x^'^ ) • • • $(t(") , , x^"^ ) |0m) 
= |.(-t(i),-z(i),xW)...<i.(-t 



(n) 



,xr)|0 



M 



(2.175) 

where |0m) is a unique Poincare invariant vacuum, which 
is assumed to exist, if (t^^\ z^^\:iif'), i = 1, 2, . . . , n, are 
spatially separated points in the right Rindler wedge. 



Then, they converted the relation (|2.175p to the KMS 
condition (|2.169p with H^''^ = K, (3 = 2TT/a and with 
J*^*^) being the PCT operator times the 7r-rotation about 
the z-axis for operators A^^^ acting in the left Rindler 
wedg e by a result similar to the Reeh- Schli e der t heo- 
rem (iReeh and Schlieded . [T96lh . [SeeH^ (I1985D for 
a discussion of the Bisognano- Wichmann theorem in the 
context of free field theory.] 

Let us describe how Eq. (|2.175p can be derived in the 
simplest case with n = 1 and with free (four-dimensional) 



scalar field. Using K\Om) = and 
have for a real parameter a 

exp{iaK)^{t, z, xj_)|Om) 
= ^t{a),z {a), x±)\Om) 



|0m) = 0, we 



i(koz — kzt) sinh aa—i\i± ■xj_ 



xe 



i(kQt—k^z) cosh aa -Mf 



a I. 



IOm) 



(2.176) 



where t{a) and z{a) are defined by Eqs. (|2.173p and 
(|2.174p . respectively. It can be shown that the variable 
a can be analytically continued from to iir/a if z > \t\, 
i.e. if the point {t, z,x±) is in the right Rindler wedge. 
Thus, 



exp(-ii'7r/a)$(t,z,x_L)|0M) = $(-t, -z, x_l)|Om), 

(2.177) 

if the point {t, z, xj^) is in the right Rindler wedge. This is 
indeed Eq. (|2.175p with n = 1 for a free field. Noting that 
the point {—t,—z,x.±) is in the left Rindler wedge and 
using the expansion (|2.96p of the field $ in terms of the 
Rindler modes, one can readily deduce from Eq. (|2.177p 
the relations p.lOOp and (|2.10ip . which were crucial in 
showing the Unruh effect. 

lUnruh and Weiss! (|l984f ) derived the Unruh effect for 
the scalar field theory with arbitrary potential term V{^) 
in the path integral approach. [The y also discussed the 
Unruh effect for spinors. See also iGibbons and Peirvl 
(11976').] Here we present their argument, for the two- 
dimensional scalar field for simplicity of notation, in a 
slightly modified manner. What needs to be shown is 



Bisognano and Wichmann showed that the rigorous version of 



Eq. 112.1751 1 makes sense, i.e. that states obtained by multiplying 
|0m) by a finite number of operators of the form f d^xf{x)^{x), 
where f{x) has support in the right Rindler wedge, is in the 
domain of the operator exp(—l3K) for < /3 < n/a. 
This theorem states, roughly speaking, that any state in the 
Hilbert space of the scalar field theory can be approximated by 
applying polynomials of operators of the form J df^x f{x)^{x) 
on the vacuum state |0m), where /(x) have support in a finite 
spacetime region. 

To be precise, one needs to consider the inner product of the 
state in Eq. 1 12.1761 1 with a normalized one-particle state. Note 
that the modulus of e'C^o^^-^i smh aa ;^ ^[^jg equation is always 
less than or equal to 1 if a is between and in /a. This fact is 
essential in showing that this analytic continuation is possible. 
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that 



(Om|T |0m) = 



Tr- 



|e-/3*T [$(a;)l'(a;')] } 



(2.178) 

where the trace is over ah states, K is the boost operator 
defined above and /3 = 27r/a. The argument for a similar 
equality involving an n-point function with arbitrary n 
is almost identical. 

The Lagrangian density for the scalar field with poten- 
tial V{(t)) is 

C = [{d(l)/dt)^ - (90/9z)2]/2 - V{(t)). (2.179) 



In the Rindler coordinates given by Eq. (|2.34p with rj — 
AT, i.e. 



t — psmhar, z — pcoshar, 
this Lagrangian density is given by 
1 



(2.180) 



C — ap 



2aV Va^j '^[d-pj -^^^^ 



(2.181) 



Define the Euclidean action by letting r = —iTe as 



/ dTe / dpC(r=-iT,) 

Jo Jo 



13 r-ca 

adTe / dp p 
Jo 

1 fd<f>Y 1 (I d^Y 

2[0-p) +vU^j 

(2.182) 

where (j)(Te + , p) = (f){Te,p). It is well known [see, e.g., 
iBernardI (|l974 ] that the right-hand side of Eq. (|2.178p 
for an arbitrary value of (3 is obtained by the analytic 
continuation Tg = ir of the following expression: 

_ l4,^r.=o)=^ir.=f3) 104^] 0(xe)0(a;^)exp [-S§ip)] 

Uir.=0)=,ir,=f3)me^p[-Sm] 

(2.183) 

where Xe = {te, Ze) is obtained from Eq. (|2.180p as 

= p sin are, Ze = pcosaTe. (2.184) 

These equations show that the Euclideanized right 

Rindler wedge is the two-dimensional Euclidean space 

expressed in polar coordinates if < aT^ < 27r, i.e. if 
P — 27r/a. Thus, one has 



dtf 



dzp 



\dZe 



y(</>) 



Hence, 



/[g0]0(Xe)(^(4)exp(-^g) 



(2.186) 



It is well known that the time-ordered two-point function 
in (two-dimensional) Minkowski spacetime, i.e. the left- 
hand side of Eq. (|2.178p . is obtained from the right-hand 
side of Eq. (|2.186p by the analytic continuation te = it. 
Since both sides of Eq. (|2.178|) arc obtained by the an- 
alytic continuation of the same function D2Tr/a{xe', x'^) 
with Xe = {te, Ze) = {it, z), Eq. (|2.178p holds. 

The analog of the Unruh effect in Schwarzschild space - 
time was first derived by iHartle and Hawking! ( 19761 ) 
using analytic properties of the time-ordered two-point 
function for scalar and other free fields. They showed 
that the physically-acceptable^^ vacuum state invari- 
ant u nder the time- translation in the Kruskal exten- 
sion ( Kruskai 119601 ) of Schwarzschild spacetime with 
mass M is a thermal state of temperature l/87rM. 
This result obv iously has very close connection to the 
Hawkin g effect (Haw king. 1974). A similar method was 
used by iGibbons and Hawking (1977) to show that the 
physically-acceptable de Sitter-invariant vacuum state of 
the free scalar field in de Sitter spacetime with Hubble 
constant is a thermal state of temperature H/2tt of the 
theory inside the cosmological horizon with the de Sit- 
ter b oost generator fixing th e horizon as the Hamilto- 
nian. iNarnhofer et al. 1 (|1996D found that an accelerated 
detector with acceleration a in de Sitter spacetime re- 
sponds as if it was in a thermal bath of te mperature 



(i/2 + a2)i/2/27r, and iDeser and LevinI ^99^ obtained 



a similar result in anti-de Sitter spacetime. Interest- 
ingly, they found that the temperature is equal to the 
Unruh temperature corresponding to the acceleration of 
the detector in 5-dimensional Minkowski spacetime in 
which (anti-)de Sitter spacetime is embedded. Jacobso^ 
(Il998l) gives a simple explanati on of these results, and 
iBuchholz and Schlemmeil ( 2007( ) discuss them in the con- 
text of their definition of a local temperature. For some 
work related to the response rate of the Unruh- De Witt 
det ector in de Sitter spacetime, see, e.g., iHTguchil ( 19871 ) 
and lGarbrecht and Prokoped (|2004allbh . The Bisognano- 
Wichmann result was also extended to Schwarzschild and 
de Sitter spacetimes by Sewell as mentioned before. 

iKav and Waldl ( 199lf ) proved the analog of the Un- 
ruh effect in a cl a ss of s pacetimes with bifurcate Killing 
horizons ( Boverl . Il969l ) adopting the viewpoint that 
Hadamard states are the only physical states for the free 
scalar field theory. They showed that the Wightman two- 



The condition for "pliysical acceptability" here is essen tially 
the so-called Hadamard condition. See iwaidi Cizi) and 
(2.185) iFuUing et al. 1 lll978l) for an early use of this condition. 
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point function A{x;x') on the horizon satisfies 



dudu'A{U,s;U',s') 



1 



1 



An {U -U' - ieY 

(2.187) 

with X = [U, s), where s parametrizes the null geodesies 
on the Killing horizon and where U is an affine parameter 
on each geodesic, for a Hadamard state invariant under 
the Killing symmetry. This formula allowed them to show 
that, if such a state exists, it must be unique. Then they 
applied essentially the same argument as for the massless 
scalar field theory in the two-dimensional Rindler wedges 
to derive the Unruh-like effect. [See also Kavi (1993 , 200 li) 
for further developments and a brief account of this re- 
sult.! 



III. APPLICATIONS 

In this section we review some works using the Unruh 
effect to examine some selected phenomena. We begin by 
discussing each phenomenon using plain quantum field 
theory adapted to inertial observers, and then we show 
how the same observables can be recalculated from the 
point of view of Rindler observers with the help of the 
Unruh effect. The first example is connected with the ex- 
citation of accelerated detectors and atoms, the second 
one with the weak decay of non-inertial protons and the 
third one with the interpretation of the radiation emitted 
by charges from the point of view of uniformly acceler- 
ated observers. In particular we clarify the traditional 
question whether or not uniformly accelerated charges 
emit radiation from the point of view coaccelerated ob- 
servers. 



A. Unruh-DeWitt detectors 

Models of photon detectors h ave been disc us sed for 
some time in quantum optics fiGlaubeil . Il963( ). lUnruhl 
(|1976D has introduced a detector model consisting of a 
small box containing a non-relativistic particle satisfying 
the Schrodinger equation. The system is said to have de- 
tected a quantum if the particle in the box jumps from 
the ground state to some excited state. In the same pa- 
per, Unr uh also d iscuss es a relativistic detector model 
[see also ISanched ( 198ll ) for a similar model]. Here, we 
co nsider in more detail the detector model introduced 
by iDeWittI (|1979D . which consists of a two-level point 
monopole. We call generically two-level point monopoles 
as Unruh-DeWitt detectors following the literature. A 
discussion on p article detectors with finite spatial extent 
can be found in I Grove and Ottewilj (I1983D . 

Particle detectors have often been used to probe the 
Unruh thermal bath. Sometimes, however, distinct de- 
tector designs may lead to contrasting conclusions about 
the same given f eatur e of the bath. For instance, 
[Israel and Nesteil (Il983l). ISanchej (|l985l ). iHinton et al\ 
(Il983l) and iHintonI (jl983l ) have argued that the Unruh 



thermal bath is ani sotropic while Kolbenstvedtl ( 19871 ). 
iGerlachI (|1983[ ) and iGrove and Ottewilll (|1985D have ar- 
gued the opposite. It is not surprising that, in general, 
directionally sensitive detectors will respond differently 
if they are given distinct orientations. Nevertheless, the 
Unruh thermal bath is as isotropic as a thermal bath in 
equilibrium in a general static spacetime can be in the 
sense that Killing observers will see no net energy flux, 
etc. in any space direction, as is well known. In general, 
the temperature /3~^\i measured by a Killing observer fol- 
lowing a curve i generated by a Killing vector will be po- 
sition dependent. Two Killing observers following curves 
1 = 1,2 will have their temperatures related as 

r'ii/r'i2 = [(C;.c^)i2/(CMC^)ii]'/', 

where is the Killing vector tangent to the world line 
of the corresponding observer ( Tolmanl . ll934t ). 

Let us consider a two-level Unruh-DeWitt detector in 
Minkowski spacetime. The detector will be represented 
by a Hermitian operator to acting on a two-dimensional 
Hilbert space. The excited state, \E), and the unexcited 
state, \Eo), are assumed to be eigenstates of the detec- 
tor's Hamiltonian H: 



H\E)^E\E), H\Eo)^Eo\Eo 



(3.1) 



with eigenvalues E and Eq, respectively {E > Eq). The 
monopole is time evolved as usual: 



?fl(T) 



iHt 



(3.2) 



where r is the detector's proper time. The matrix ele- 
ment q = {E\rho\Eo) depends on the detector design. ^-'^ 

Now, let us couple our Unruh-DeWitt detector to a 
real massive scalar field 't{x) satisfying the Klein-Gordon 
equation D<t + = through the interaction action 



Si 



dr m{T) $[x(r)]. 



(3.3) 



where x^{t) is the detector's world line. Next, we ana- 
lyze the response of the detector from the point of view 
of inertial and Rindler observers separately. Related in- 
vestigations for detectors coupl ed with electromagnetic 
and Dirac fields can be found in iBoved (|T98a .19841 and 
liver and Kumad ( 1980( ). respectively. 



1. Uniformly accelerated detectors in Minkowski vacuum: 
Inertial observer perspective 

In Cartesian coordinates, x'^ = {t,x,y,z), of 
Minkowski spacetime the world line x^ — x^ (r) of a uni- 
formly accelerated detector along the z-axis with proper 



Two-level point monopoles have been also successfully 
used to model the excitation and deexcitati on of atoms 
l lAudretsch and MuUeil Il994fl [ Zhu and 
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FIG. 4 The world line of a uniformly accelerated detector 
moving along the z-sxis in the Minkowski spacetime covered 
with Cartesian coordinates is shown. 



acceleration a is given by 

t(r) = a^"'^ sinhar, z{t) — coahar (3.4) 

and x{T),y{T) = const (see Fig. 

Let us expand $(a;) in terms of positive- and negative- 
energy eigenstates of the Hamiltonian H — id/dt, asso- 
ciated with inertial observers, as [see Sec. ([ILPp ] 



$(a;) = J d^k (ukaf + H.c.) 



where 



Uk = [2ti;(27r 



|3l-l/2g-jfcf,xf 



(3.5) 



(3.6) 



with fc^ = (tj,k), u = Vk2 



and 



[a*^a-V5■^(k-k'). 

The proper excitation rate, i.e. the excitation proba- 
bility divided by the total detector proper time T, as- 
sociated with the uniformly accelerated detector in the 
inertial vacuum is given by^^ 



^^k I ' 



(3.7) 



where the excitation amplitude is (up to an arbitrary 
phase) 

^^"Ar = i{E\®{\iM\Si\OM)®\Eo) 

= (16^/I^^^^P(^^^^^ 

X exp [(jw/ a) sinh ar — (ifcz /a) cosh ar] 

(3.8) 



with AE = E — Eq. We have adopted here the sub- 
script M to label states defined by inertial observers in 
Minkowski spacetime. (Note here that we are using the 
convention that space components of the momentum 
are given with lower indices. That is, k^, ky and k^ 
are the x- y- and z-components, respectively, of the con- 
travariant vector k^.) We note that because Eq. p.3p is 
linear in $[x(t)], the detector excitation is accompanied 
by the emission of a particle^^ with momentum k. By 
using Eq. (|3^ in Eq. ([3J| . we obtain 



(3.9) 



where kj^ — {kx,ky) denotes the transverse momentum 
with respect to the direction of the acceleration, the 
quantity is given by 

R^ = r ^ r dr' r dr"e^^^(-'--") 

^ giaj[sinh ar ' — sinh aT"]/a^—ikz [cosh ar' — cosh ar"]/ a 



dr / dae 



dk 

167r3T./_^ .,-oo j-oc, 

(2i/a) sinh aa^ui cosh ar — k^ sinh ar) 



iAEa 



X e 

and we have defined t = (t' + r")/2 and a = t' — t" . 
Because the interaction is kept turned on for an arbi- 
trarily long time interval, the total time T diverges. To 
obtain explicitly the excitation rate per unit time, the 
total time T must be canceled by factoring out the diver- 
gent part dr from the integrals above. To this end, 
we first note that the momentum of the emitted particle 
is boosted due to the nonzero velocity of the detector, 
which is r-dependent. Hence, it is expected that the in- 
tegrand can be made r-independent by boosting back the 
momentum variables. Motivated by this physical picture, 
we introduce a new momentum variable as 

fcz I— !■ fc'^ = fc^ cosh ar — sinh ar, (3.10) 

which can be inverted as 

k' z ^ kz ~ fc'z cosh ar -|- Lj' sinh ar. (3.11) 

Here u' = [(fc'z)^ + kF^ + rn^Y^'^ can be expressed as 

uj' — oj cosh ar — k^ sinh ar. 



where fcj_ = (kx)"^ + (ky)^. It can be shown that 
dk' z/uj' = dkz/uj. This transformation indeed allows us 
to factor out T = dr, and we obtain 



R^ 



2 roo j^y roo 



167r3 



UJ' 



^^^iAEa ^(2iij /a) sinh(a(7/2) 

(3.12) 



Often, the excitation rate is alternatively expressed in terms of 
the golden rule 113.521 1. 



This combination, i.e. excitation with particle emission, can 
be also observed in the anomalous Doppler effect where atoms 
move in media with refract ive index n with velocity ti > 1/n 
l lFrolov and Ginzburd. Il986t) . 
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FIG. 5 The world line of a uniformly accelerated detector 
moving along the z-axis in Minkowski spacetime covered with 
Rindler coordinates is shown. 



By making now a further change of variables as 



A = exp(a(T/2), 



(3.13) 



we obtain 



dc 



X exp[i{kl + m2)i/2(A _ \-^){( + C^)/{2a)]. 

Now, we make the change of variables {C, A} t—^ {k, w} 
with K = CA and tu — C/X, and write 



IGTT-^a 



dn 



^l-iAE/a 



„j(fci+m2)i/2(«:-K-i)/(2a) 



2 -7rA_E/a 



\q\'e 



{K,^E/a[ikl+m'y/ya]y 13.U) 



where K,^(x) is the mod ified Bessel function 
(|Gradshtevn and Rvzhij . Il980l ). (We recall here 
that the function Ki\{x) is real if x and A are real.) 
Finally, we obtain for the proper excitation rate (|3.9p 



dfi fi 



X (if»AB/a[VAi' + (m/a)2])". (3.15) 

The angular distribution of the corresponding emit- 
ted particles in th e massless case can be found in 
iKolbenstved^ ^98^). Next, we shall reproduce this de- 
tector response from the point of view of Rindler ob- 
servers and discuss it. 



the point of view of uniformly accelerated observers is 
the Rindler wedge. We choose the right Rindler wedge 
(z > 1^1) to work with, where we recall that it has a 
global timelike isometry associated with the Killing field 
zd/dt + td/dz. By covering it with Rindler coordinates 
(T,^,y,z) {—CO < T,£^,x,y < -l~oo), which are related 
with {t,x,y,z) byEq. (fOe]) . we obtain the line element 
of the Rindler wedge as written in Eq. (|2.37p . 

The world lines of the Rindler observers are given by 
S,,x,y = const and are hyperbolas in the two-dimensional 
diagram of Minkowski spacetime with x and y sup- 
pressed (see Fig. [S|). The corresponding four- velocity 
and four-acceleration are u'^ — e~°^(l, 0, 0, 0) and = 
e~2° ^(0,a 0,0), respectively, where — u^S/^u^ [see, 
e.g.. lWaldi (|1984 )]. Thus, the proper acceleration of the 
Rindler observers is ^/—oFa^ = ae~'^^ = const. Our uni- 
formly accelerated detector with proper acceleration a 
will lie at ^ = (for some x,y — const). 

Next, we expand $(a;) in terms of positive- and 
negative-energy eigenstates of the Hamiltonian H = 
id/dr, associated with the Rindler observers, as [see 
Sec. dlLDl) ] 



$(x) = / dc.d2k^[«« 



H.c. 



(3.16) 



where 



sinh(7rw/a) 



-,1/2 



K,. 



1 1 a 



^zk_L'Xj_—'i ujr 



(3.17) 

are Klein-Gordon orthonormalized, and we recall that the 
creation and annihilation operators of Rindler particles 
satisfy the commutation relations 



(3.18) 



The Rindler vacuum |0r) is defined by a^kj_|OR) — 0. 
A detector lying at rest within a uniformly acceler- 
ated c avity prepar e d in t he Rindler vacuum is not ex- 
cited ( Levin et all . Il992l ).2'* We emphasize that the 
quantum numbers {ct',k_L} associated with the time- 
like and spacelike global Killing fields d/dr and d/dx, 
d/dy, respectively, are independent of each other (see 
Sec. lIII.A.3l) . 

Before we analyze the behavior of the detector in the 
Minkowski vacuum, we formally consider the detector's 
excitation probability with simultaneous emission of a 
Rindler particle in the Rindler vacuum. The amplitude 
associated with this process in first order of perturbation 



IS 



2. Uniformly accelerated detectors in Minkowski vacuum: 
Rindler observer perspective 



i{E\(g){ujk^R\Si\OR)(E)\Eo), 



(3.19) 



The spacetime appropriate for investigating the excita- 
tion rate of our detector with proper acceleration a from 



^"^ An account on vacuum states in static spacetimes with horizons 
can be found in iFuUinel l ll977l) . 
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where we recall that we use Eq. (|3.16l) in 5*/ as given 
in Eq. (|3.3p . The differential probability associated with 
this amplitude is 



I cxc J cm 



|2 j2 



d k I duj. 



(3.20) 



Now, we should take into account the fact that due to 
the Unruh effect the Minkowski vacuum corresponds to 
a thermal bath of Rindler particles. We emphasize that 
the Minkowski vacuum is indistinguishable from the ther- 
mal bath built on the Rindler vacuum as long as the de- 
tector stays in the Rindler wedge since the Minkowski 
vacuum is a linear combination of products of the left 
and right Rindler states. For this reason, the detector's 
excitation rate with simultaneous emission of a Rindler 
particle into the Minkowski vacuum is given by Eq. (|3.20p 
co mbined with the prop er thermal factor [see Eq. (4.9) 
in lHiguchi et all ( 1992a[) for more details]: 



exc^em 



where 



n{uj) = 1/ [exp(/3w) - 1] 



(3.21) 



(3.22) 



is the Rindler scalar particle number density in the mo- 
mentum space. Here /3~^ = a/27r is the Unruh tempera- 
ture as measured by Rindler observers at ^ = 0. The first 
and second terms in the square brackets in Eq. (j3.2ip are 
associated with spontaneous and induced emission, re- 
spectively. 

Similarly, one can calculate the detector's excitation 
rate with simultaneous absorption of a Rindler particle 
from the Unruh thermal bath as 



where 



and 



(3.23) 



(3.24) 



CXC A abs 



i{E\<g>{On\Si\ujk^T^)^\Eo) (3.25) 



is the excitation amplitude with absorption of a Rindler 
particle |a;k_Lft). The excitation amplitudes p.l9p 
and (|3.25p can be shown to be 

/oo 
dTCXp\lk^-X^+t{AE+{-)uj)T] 
-oo 



siuh^TTLU / a) 



-,1/2 



(fci+m2)i/2e< 



(3.26) 



up to some multiplicative phase. It is easy to verify in 
this case that '^^^A"^^ = 0, as expected, since uniformly 
accelerated detectors are static according to Rindler ob- 
servers. Hence, according to these observers the only 



contribution to the detector response comes from the 
absorption of Rindler particles from the Unruh thermal 
bath. 

Now, since in first order of perturbation there is no 
interference, the total detector excitation rate in the 
Minkowski vacuum is 



cxc ^c 



abs 



(3.27) 



By using Eq. 113. 26\) to calculate Eq. {3.2'T^ , we get 
Eq. h3.1^) . as expected. Of course, inertial and Rindler 
observers must agree on the value of scalar observables, 
such as the proper excitation rate of a given detector, 
although they can differ in how they describe the phe- 
nomenon. Because inertial and Rindler observers would 
expand the quantum fields with different sets of normal 
modes, they would end up extracting different particle 
contents from the same field theory. As a result, it is nat- 
ural for inertial and Rindler observers to describe the de- 
tector excitation as being accompanied by the emission of 
a Minkowski particle and by the abso rption of a Rindler 



parti cle from the Unruh thermal bath (jUnruh and Waldl . 
Il984f ). respectively. This conclusion can be generalized 
for detectors confined in the Rindler wedge following gen- 
eral world lines by saying that the detector excitation 
which is associated with the emission of a Minkowski par- 
ticle as described by inertial observers corresponds in this 
case to the absorption or emission of a Rindler particle 
from or to the Unr uh thermal bath according to Rindler 
observers ( Matsasl Il996'). 

Let us comment on one possible source of confusion 
concerning the Unruh-DeWitt detector. A naive (and 
wrong) application of the equivalence principle might 
lead to the conclusion that an inertial detector which 
has the same velocity as an accelerated one at a certain 
time would detect Unruh radiation. This is of course not 
the case: no detector in an inertial motion detects any 
Unruh radiation. 

Before proceeding further, we note for later purposes 
that in the particular case with m = 0, Eq. (|3.15p takes 
the form 



excD^— 



2tt e^^E-l 



(3.28) 



3. Rindler particles with frequency uj < m 

Here we discuss in more detail the existence of Rindler 
particles with frequencies uj < m, which was crucial in the 
whole discussion above (notice, e.g., that the range of the 
oj integrations in Eqs. (|3.2ip and (|3.23p is < w < +oo). 
The standard theory of quantum fields uses the fact that 
Minkowski spacetime is invariant under time and space 
translations. The linear three-momentum {kx, ky,kz) as- 
sociated with the translational isometrics on the space- 
like hypersurfaces t = const constitutes a suitable set of 
quantum numbers to label free particles. In this simple 
case, the dispersion relation E = hw = Y^|ircp"^r^r?c?~ 
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imposes a simple constraint between the particle mass 
TO, momentum p and energy E, and, thus, free particles 
with well-defined linear momenta must have total energy 
E > m(?. Moreover, in the classical context of General 
Relativity, the detection in loco of point particles sat- 
isfying E < mc^ by direct capture is ruled out by the 
fact that an observer with four-velocity u^^ intercepting 
a particle with four-momentum p^^ = mv'^ assigns to the 
particle an energy E = rav^u^ > mc^. 

On the other hand, it is well known that the field quan- 
tization carried over arbitrary spacetime does not lead 
in general to any dispersion relation connecting the fre- 
quency with other quantum numbers, avoiding thus the 
flat spacetime constraint E > mc^. This can be under- 
stood by recalling that, strictly speaking, the concept 
of point particle has no place in Quantum Field Theory. 
This raises the following question: What is the proba- 
bility density associated with the detection of particles 
with E < mc^, i.e. w < to, at different space points of 
the Rindler wedge? By answering this question, we can 
also extract some information about the particle distri- 
bution of the Hawking radiation near the event horizon 
of black holes. Indeed, much insight into the Hawking 
effect can be obtained in the simplified context provided 
by the Ri ndler wedge as we shall see next. [We refer the 
reader to ICastineiras et al. 1 (I2OO2D for more details.! 

Let us start by considering the line element of a two- 
dimensional Schwarzschild spacetime: 



ds^ = (1 - 2M/r) dt^ 



(l-2M/r) ^dr^ 



(3.29) 



This can be seen as describing a two-dimensional black 
hole^^ with mass M. Close to the horizon, r « 2M, it 
can be written as 



{p/4Mfdt^ ~ dp^ 



(3.30) 



where p{r) = y/8M{r - 2M). (Note that in these coordi- 
nates the horizon is at p = 0.) One can identify Eq. (|3.30p 
with the line element of the Rindler wedge (|2.37p with 
x,y = const by letting t = AMar and p — e"^/a pro- 
vided that < p < +00 and —00 < t < +00. 

From here to the end of this subsection we shall be 
considering the spacetime of the Rindler wedge with line 
element (I3.30|) . where < p < -l-oo and —00 < t < +00. 
Now, let us choose a fiducial observer at p = po = 4M , 
whose proper time is t [see Eq. p.30p ]. with respect to 
whom the particle's energy is to be measured. He/she 
defines the total probability Puj{pd) of detecting a particle 
at some point p = pd with energy lu per (detector) proper 



-1 1 1 r- 
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(n/m=1.0 
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FIG. 6 We plot the probability density dVuj/dpd for different 
Lj/m ratios, where we have let Mm = 1/4. We note that the 
smaller the ui/m ratio, the closer to the horizon (on average) 
the particle lies, where the "gravitational potential" is lower. 



time s^°* as Fij(pd) = P„(prf)/sjf*. Then, the norniahzed 



probability density is 



dPu. 

dpd 



T^{pd) 



+00 



^^{Pd)dPd 



(3.31) 



where {dVu/dpd)dpd is the probability that a particle 
with energy uj is found between pd and pd + dpd- Ob- 
servers far away from the horizon will be able to interact 
only with the "tail" of the "wave functions" associated 
with particles with small uj /m. The smaller the lj /m, the 
more difficult it is to detect these particles. 

Now, in order to interpret Eq. (|3.3ip in the frame work 
of General Relativity, let us first consider a row of detec- 
tors, each of them lying at different p^, and define the 
average detection position 



+00 



(pd) = / dpd Pd dVuj/dpd- 



(3.32) 



By using Eq. (|3.3ip . this can be shown to be (see Fig.[S]) 
7rtanh(47rAfw)(64M2w2 



64toMw 

nMuj/m (w>a), (3.33) 



where a = 1 /AM is the proper acceleration of the fiducial 
observer. On the other hand, from General Relativity, a 
classical particle with mass to lying at rest at some point 
Pp has, according to our fiducial observer at po = 4M, 
energy lo = mpp/AM. By considering that the particle 
may have some kinetic energy in addition, the total en- 
ergy would be oj > mpp/AM. From this equation, we 
obtain 



The vacuum expectation value of the energy-momentum ten- 
sor for a massleaa sca l ar fie ld in this spacetime wa s an- 
alyzed bv iDavies et al\ ||1976| ') [see also iDaviesI ||1976|') and 
iDavies and Fulling lll977a^ ]! See IChristensen and FuIIind 
lll977f) for a compr e hensiv e discussion on this issue and 
ICandelas and DowkeJ l ll979t) for further considerations. 



Pp < AMcj/m = p^^"". (3.34) 

This is expected to agree with (p^), i.e. {pd) < p™^'^, 
at least in the "high-frequency" regime to ^ a (where 
the quantum and classical behaviors may be compared) . 
This conclusion is indeed in agreement with Eqs. (|3.33p 
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FIG. 7 {pd) is shown to be smaller than p™"" = AMu/m 
in the "high-frequency" regime ui > (4M)~^ (i.e. at the right 
of the vertical broken line) just as expected. (We have let 
niM = 10 here but this nice agreement is verified for any 
mM.) 



and p.34p as seen in Fig. [T) In summary, the smaller the 
uj/m ratio, the more likely the observer is to detect the 
particle closer to the horizon. 



4. Static detectors in a thermal bath of Minkowski particles 

Now, we shall show explicitly that the response rate 
p.lSp does not correspond to the one obtained when the 
detector lies at rest in a plain thermal bath of Minkowski 
particles heated up to the Unruh temperature = 
a/ (27r). In the latter case, the excitation rate is obtained 
by replacing Eq. p.7p by 



I cxc^abs 1 2 



where n{bj) = l/(exp(/3w) — 1) and 



(3.35) 



'^'^SA^- = i{E\ ®(kM|5/|0M) ® |i?o), 
''^'lAt' = i{E\®{OM\Si\\^M)®\E,;) 



are the excitation amplitudes with emission and absorp- 
tion of Minkowski particles |kM), respectively. In this 
case, the excitation amplitudes can be shown to be (up 
to an arbitrary multiplicative phase) 



exc^em(abs) _ 



= q6{uj + (-)Ai;)/V4^, 



(3.36) 



where we have assumed with no loss of generality that 
the detector is at the origin x = 0. Clearly, '=''54™ = 0. 
Hence, the only contribution to the detector response is 
associated with the absorption of a Minkowski particle. 
By substituting Eq. (|3.36p in Eq. (|3.35p . we obtain 



AE9{AE-m) 



(3.37) 



The presence of the step function 9{AE — m) expresses 
the fact that the detector can only be excited if its energy 



gap is large enough to absorb massive scalar particles 
from the thermal bath. Clearly """"Rf^ in Eq. ^^S^ with 
f}'^ = a/(27r) and """^"R in Eq. ([XTS]) are distinct. Indeed, 
there is no a priori reason why they should be the same. 
Incidentally, in the case ra = 0, Eqs. (|3.37p and (|3.28p 
equal each other. However, this is a coincidence, which 
has to do with the particular design of the detector and 
not with the Unruh effect. As we have seen, what the 
Unruh effect does say is something else. In particular, 
we have shown in Sec. IIII.A.2l how to recover Eq. p.lSp 
from the point of view of Rindler observers. 

In spite of the model dependence of the response rate, 
the Unruh effect allows one to establish a relationship 
between the excitation and deexcitation rates (assuming 
that they are well defined), which is independent of the 
detector model. Because of unitarity, the absolute value 
of the excitation amplitude (associated with the absorp- 
tion of a Rindler particle), 

|cxc4abs| ^ ^ (0R|5/|cokiR) ® \Eo)\ oc 5{u; - AE), 

(3.38) 

must equal the absolute value of the deexcitation ampli- 
tude (associated with the emission of a Rindler particle), 



lccxc4cm| ^ i^^^i ^ (^k^p|5^|0R) \E)\ CX S{UJ - AE). 

(3 .39) 

Hence, we obtain from the discussion in Sec. IIII.A.2l that 
the ratio of the excitation and deexcitation rates must be 
given by 



n{AE) 

dee^oJl - l + n{AE) 



(3.40) 



This quite universal relation is also called principle of 
detailed balance, and clearly holds for detectors lying at 
rest in a thermal bath of Minkowski particles at the same 
temperature^^ provided that AE > m. For AE < to, 
the ratio exc^^deoxc^ .^gj^ defined for the thermal 

bath in Minkowski spacetime since the excitation and 
deexcitation rates vanish. It is worthwhile to empha- 
size, however, that deviations from the hyperbolic motion 
because of backreaction or other effects will in general 
disturb Eq. (|3.40p with no contradictio n to the Unruh 
effect, contrary to s ome recent claims (|Belinskii et all . 
1X9971 : iFedotov a/.l . fT999h . 



5. About the discussion whether or not uniformly accelerated 
sources radiate 

Some controversy has appeared in the literature about 
whether or not uniformly accelerated detectors and 



Boyer (1983, '1984") has concluded in the context of stochas- 
tic electrodynamics that a classical electric dipole oscillator ac- 
celerating through classical electromagnetic zero-point radiation 
responds as would a dipole oscillator in an inertial frame in clas- 
sical thermal radiation with t empe rature a/{2n) in agreement 
with Eq. ll3:40t [see also lCold lll985l ')]. 
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sources emit radiation according to inertial observers. 
This is sometimes called Unruh radiation (although, this 
terminology has also been used to mean something else 
[see Sec. IIV.D] '). Indeed, the conclusion that the excita- 
tion of a uniformly accelerated detector is accompanied 
by the emission of a Minkowski particle according to in- 
ertial observers and absorption of a Rindler particle from 
the Unruh thermal bath according to Rindler observers 
( Unruh and Waldl . 19841) was not unani m ously accepted 
in the beginning (|Padmanabhanl [Mi). iGrovd (I1986D 
claimed that a constantly accelerated object would emit 
negative- rather than positive-energy radiation as seen 
by inertial obser v ers. S imilar conclusions were reached 
byll assar et al. 1 (|1993D . Later, the excitation of uni- 
formly accelerated detectors in the Minkowski vacuum 
was said to give rise to no energy flux^* according to 
in ertial observ e rs, su pporting previo us conclusi o n due 



to iRaine et al\ (ll99lD. More rec ently iParentanil (|1995D 
and iMassar and Parentanil ( 1996[ ) stated that, although 
the mean flux vanishes, once the thermal equilibrium is 
reached, each detector transition is indeed accompanied 
by the emission of a Minkowski particle. 

The controversy above was revisited bv lUnruhl(|l992D . 
who concluded that uniformly accelerated oscillators do 
alter the measurable properties of the field. Ascrib- 
ing these changes to "radiation" or "vacuum fluctuation" 
would be a terminology issue. This viewpo int is in agree- 
ment with lAudretsch and Miilleil (|l994al ) who argued 
that the key to the seemingly contradictory results lies 
in the distinction between the different questions stated 
implicitly in the various approaches. 



6. Other results concerning the Unruh-DeWitt detector 

The emission rates obtained in the previous sub- 
sections, which use detectors accelerated uniformly for 
all times, should be seen as approximations to those 
obtained in real physical situations where the detec- 
tors are accelerate d and interacting for long enough. 
ISvaiter and Svaite^ ( 19921 ) considered the Unruh-DcWitt 
detector that was turned on only for a finite time. This 
model might appear physical but they obtained a tran- 
sition probability which was logarithmically divergent 
although the transition rate, the time-derivative of the 
transition probability, was found to be finite. [See also 
ISriramkumar and PadmanabhanI ( 19961 ).] 



In order to find the cause of this divergence and con- 
firm that the transition rate obtained with uniform ac- 



■^^ See Sec. IIII.C.ll for some related remarks concerning electric 

charges. 

See, e.g., i Ford and O'Connelll hoodt): iHinterleitnei] (Il993t) : 
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Hiijind Roura 
Hu and Roura 



iHu et al\ ll2004l~ A repl y to 
can be found in IScuUv et ai\ ||2004|) . See 



also Sec. llV.Cl for some further remarks. 

More discussions on this issue can be found in iLin and Hul (120061) . 



celeration is a good approximation to th at for a detec- 
tor m odel turned on only for a finite time, iHiguchi et all 
(|l993h modified the interaction action (|3.3p as follows: 



Si = 

where the function 



dTc{T)Th{T)^[x{T)] 



e"(r+T) r<~T 

c(t) EE { 1 -T <T<T, 



(3.41) 



(3.42) 



with a = const, has been inserted to switch on and off 
the detector continuously as t — > — oo and t —> cxd, re- 
spectively. The field $(a;) is assumed to be a massless 
scalar field for simplicity. The excitation rate is calcu- 
lated in the Rindler frame. Eq. (|3.27[) for the interaction 
(I3.4ip takes the form 



ttrp 

|2/ 7-sp 



abs 



|g|'(rP + + r'''^)/(47r'T*°'), (3.43) 



where T*°* = 2T. Here 



jsp 



dujLjjB{Lo), 



= / du:g{u:)B{u:), 



rabs 



dujg{Lu)B{—uj), 



(3.44) 
(3.45) 
(3.46) 



are associated with the spontaneous emission, induced 
emission and absorption probabilities, respectively, with 



Bio;) 



4sm^{uj + AE)T Asin^ {uj + AE)T 
4a2 cos2{uj + AE)T 



[a2 + (tj -f A£:)2]2 

4a3 s\n2{uj + AE)T 
{uj + AE)[a^ + {ijj + AEYf' 



(3.47) 



&nd g[Lo) = ujn{ix}) = uj[e'^'^^ / — 1] ^. It is easy to see that 
the integrands for , and P'^'' in Eqs. 
do not diverge at any value of uj. Also, the integrands 
for and 1^"°^ tend to zero exponentially as w oo, 
and the leading term of the asymptotic expansion (for 
Lo :$> AE, a, a) of the integrand for is 4:a'^u;~^ cos^ uT. 
Thus, in Eq. p.43p is clearly finite. Now, suppose 

we switch on and off the detector instantaneously, in such 
a way that it only interacts with the field during the 
interval — T < t < T. This setup corresponds to the limit 
a +00 [see Eq. (|3.42p ]. In this regime the integrand 
for PP behaves asymptotically like 4aj~^ sin^ wT, giving 
rise to a logarithmic ultraviolet divergence in '^^'^Rt found 
by Svaiter and Svaiter. In a physical situation where we 
have a finite a and large T (i.e. T ^ a^^ , a^^ , AE~^), 



finds 



'^Rt 



AE 



27r ef^^E - 1 ' 



(3.48) 
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recovering the Planckian excitation rate p.28p . Thus, 
the logarithmic divergence appears when we take the 
a — > +CX) limit with finite T . This divergence would not 
appear if we took T — > +00 from the beginning. In this 
case the absence of the logarithmic divergence could be 
attributed to the fact that the switching on and off would 
be moved away to infinite past and future, respectively. 

The good ultraviolet behavior of the detector's total 
excitation probability '^'^^Rt does not depend sensitively 
on the particular choice of the function c(t) provided 
that c(t) is at least continuous. It would be interest- 
ing to see if the results obtained for finite-time detectors 
and for finite-lifetime observers ( Martinetti and Rovellil . 
I2OO3I ) are r elated. 

Recently iLouko and Sat3 (|2006l ) have found a formula 
for the excitation rate of the Unruh-DeWitt detector with 
any trajectory in Minkowski spacet ime for the ma ssless 
scalar field, building on works by ISchlichtl (|2004 ) and 
iLanglois ( 2005., .200 6). If the trajectory is x'^{t), where 
T is the proper time, and if the detector is turned on at 
r = To, then the Louko-Satz formula for the excitation 
rate at proper time r is 



Rls 



AE 
47r 
1 



1 

2^ 



ds 



27r2(r-ro) 



cos{sAE) 

(3.49) 



where Ax^ = x^{t) — x^(t — s). The transition prob- 
ability obtained by integrating i?LS from tq to a given 
time is indeed logarithmically divergent because of the 
last term. In the limit to ^ — 00 they find 



lim i?LS 



AE 
"2^ 



e{-AE) 



1 f°° 

^ / ds coslsAE) 

271-2 Jo 



(Ax) 



(3.50) 



where 9{x) is the Heaviside function. Louko and Satz 
have used this formula to compute the excitation rate 
for a trajectory which is inertial for t — > —00 and uni- 
formly accelerated with acceleration a for t — > -f 00, ver- 
ifying that it vanishes as t — > — 00 and converges to the 
rate p.28p as t ^ -|-oo.^° Very recent discussions on the 
excitation of Unruh-De Witt detectors with arbitrary tra- 
jectories ca n be found in lObadia and Milgrom ( 2007) and 
ISatj (|2007t ). We also note that lBievre and Merklil (|2006l ) 
have shown that a uniformly accelerated Unruh-DeWitt 
detector will asymptotically have the Gibbs state with 
the Unruh temperature irrespective of its initial state. 



7. Circularly moving detectors with constant velocity in the 
Minkowski vacuum 

As we have seen, the Unruh effect is concerned with 
uniformly accelerated observers. In spite of this, some 
interesting questions can be addressed for the case of ob- 
servers in uniform circular motion. 

Let us start by cons idering a circularly mov ing 
Unruh-DcWitt detector^i (jLetaw and Pfautschl [ToSOl) in 
Minkowski spacetime'^^ f]^^ radius r = rg with an- 
gular velocity il = dO/dt > 0. Using the interaction 
action ()3.3p , we may write the detector excitation ampli- 
tude as 

°'^S4k = i{E\(g>{-kM\Si\OM)^\Eo) 



dT cxp(i A£; T)(k M |*[a:^(T)] |0 



M) 



(3.51) 



where t is the detector proper time. Thus, the proper 
excitation rate (|3.7p can be given as ( Brout et aLl . ll995l ) 



excnm— |„|2 

-K^irr = \q\ 



/oo 
daexp{-iAEa) G+ [x{t),x{t')] , 
-00 

(3.52) 



where a — t — t' . Here 

G+[x^'{t),x^{t')] =(OM|^[a;^(r)]$[a;^(T')]|OM) (3.53) 

is the (positiv e- frequency) Wightman function [see, e.g., 
iFullind (Il989[ )] for the massless scalar field in Minkowski 
spacetime. In Cartesian coordinates this is written as 

G+[x^{t),x''{t')] = -l/{A^\t~t' -lef -{x^x'Y 
-{v-y'f-{z-z'f]), (3.54) 



which can be derived using the field expansion (|3.5p - (|3.6p 
in terms of positive- and negative-energy modes with re- 
spect to inertial observers, as is well known. We may 
write the world line of this detector as 

t = 7T, X — r^ cos(517t), y — ro sm^fljr), z = const, 

(3.55) 

where we impose the condition ro^l < 1 so that the world 
line is timclikc and 7 = (1 — r^Q^)^^^^ is the Lorcntz 
factor. The proper acceleration of such a detector is a = 
^—a^ai^ = Vl^^'^rQ. Then, the proper excitation rate can 
be written as 



lAEa 



X [-7^(cr - ie)^ + 4rg sm'^{nja/2)]-'\ (3.56) 



Note that Rls a-nd its tq — » —00 limit can become negative at 
some T. This may be due to the fact that quantum interference 
prevents one from determining the exact time when the detector 
cUcks. 



For other stationary world Un e s, see iLetawl l|l98ll ) in conjunc- 
tion with iLetaw and PfatschI l ll982l) . and a recent work by 
iKorsbakken and Leina as (2004). 

The symbols r and 6 correspond to the usual polar coordinates. 
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This non-vanis hinK excitation rate h as be en ev aluated 



Letaw and PfautschI (|1980D and iLetawl 
Kim et alT i 1987t ) for some further dis- 



numer ically by 
(|l98lh [see also 
cussion]. For ultra-relativistic detectors (7 ^ 1), one 
obtains 



excpm— 
^circ 



/T2AE/a 



47rV12 



(3.57) 



An attempt to give a physical interpretation of this for- 
mula in terms of the depolarization of electrons in particle 
accelerators will be discussed in Sec. IIV.AI 

Now, one could think of recalculating the excitation 
rate above from the point of view of observers corotat- 
ing with the detector. A major difficulty appears, how- 
ever. In order to extract a natural particle content from 
the field theory, a global timelike Killing vector field K 
associated wit h the rotating observers would be neces- 
sary [see, e.g., IWaldl ([mm)]- If such a Killing vector ex- 
isted, then the eigenvalue equation iKcjr^ — iwi/)* would 
separate positive- frequency modes (</>"'') from negative- 
frequency ones (where K is assumed to be future 
directed). The four- velocity of a circularly moving ob- 
server at r = ro with = dO/dt — const can be written 
as 



where 



u = d/dr = ^K, 



K = {d/dt) + n [d/de) 



(3.58) 



is the associated Killing field. We notice now that for 
rVl > 1 , K IS spacelike. Thus, K fails to be a global 
timelike Killing field. If one ignored this fact and used 
K to extract naively the particle content of the field the- 
ory, circularly moving observers would end up with iden- 
tifyin g their vacuum state with the Minkowski vacuum 
itself ( Letaw and PfautschI . Il980l ). This would lead to a 
puzzling situation since we know from Eq. (|3.56|) that 
detectors carried by circularly moving observers do have 
a nonzero excitation rate. Thus, either we have a suit- 
able way to extract the partic l e content fr om the theory 
(|Ashtekar and MagnoiiL 1 19751 : iKavl [Uli) or it may be 
better not to introduce such a concept at all.^'^ 

In contrast to the case considered above, we now turn 
to a related but quite distinct physical situation, where 
the detector response can be naturally interpreted in 
terms of the particle content defined by the rotating ob- 
servers. We consider the rotating detector with angu- 
lar v elocity D. = c onst confined inside a lim iting sur- 
face (jPavies et all Il996l : iLevin et all |1993| ). We as- 
sume a cylindrical surface aX r = p with p < l/f2 and 



We recall that a detector acts as a "vacuum fluctuometer" and 
that its response must not d epend on the definition of the particle 
llGrove and Ottewilll [19831) . 



Dirichlet boundary conditions imposed on the scalar field 
ct){t,r^p,9,z) = 0. 

The positive-frequency orthonormal modes with re- 
spect to inertial observers are 



im9 AkzZ ^ — iLUmni 



(3.59) 



Here m e Z, n e N+, a„in is the n-th (non- vanishing) 
zero of the Bessel function Jm{x) {Jm{<Xmn) = 0), and 
the following dispersion relation is satisfied: 



(3.60) 



^mn = \/ OlI-,Jp^ + fc2 > 0. 

The normalization constant 

= (27r/9^LJ„i„ I J,„+l(Q!m„)|) ^ (3.61) 

has been chosen so that the modes Umnk^ satisfy the or- 
thonormality condition with respect to the Klein-Gordon 
inner product: 

("mnfe, jWm'n'feOKG = Sjnrn' Snn' Sik^ - k'J . (3.62) 

[See Eq. (|2.6p for the definition of the Klein-Gordon inner 
product.] The corresponding Wightman function p.53p 
is 

G+(:E^a;'^) = dk^ClMamnV / p) 

1 J —OC 



m— — 00 71—1 ' 

Ip) 



xe 



im{9—9') ikz {z — z') —iuj-n-^n{t—t') 



(3.63) 



In order to calculate the response rate p.52p we substi- 
tute the world line of the rotating detector 

t — "fT, r ~ ro = const, 9 = fit, z = const (3.64) 

in Eq. (|3.63p . obtaining 

+QO +00 /■+00 

(3.65) 



m— — 00 n— 1 ' 



xe 



By substituting Eq. (|3.65p into Eq. (|3.52p . we get 



+00 +00 p+oo 

= EE/ dk.Cl,,Jl{a„,^ro/p) 

m— — oon— 1 ^ 

/+00 
dae-'l'^-^+("""-"^^)''l'". (3.66) 
-00 

The result of the integration over a is proportional to 
S{AE— {mQ — LUmn)"f) ■ Assuming > 0, we find that no 
contribution comes from to < in the sum of Eq. p.66p 
(where we recall that AE > 0). Now, for to > there 
will be a lowest value of LUmn for each to, namely ami/p 
[corresponding to the first (non-vanishing) zero of the 
Bessel function Jm{x) and kz = 0]. Then, a necessary 
condition for a mode with a given to to contribute in the 
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sum is that Qp > amt /m. Ho \ yever since amn > m [see, 
e.g.. lAbramowitz and Stegunl (|l965l )]. there is no integer 
value for m that satisfies this condition because of our 
original constraint that p < l/fl. We conclude, thus, that 
the detector has a vanishing response when it is confined 
inside the limiting surface. [The same conclusion would 
hold if we had chose n Neumann r ather than Dirichlct 
boundary conditions ( Davies et all . \l99^ ]. 

Now, let us show that in this case, namely for p < l/^l, 
it is possible to interpret the vanishing response in terms 
of the particle content defined by the rotating observers 
confined inside the boundary with angular velocity Q. 
This is so because in this case the Killing vector field K 
associated with these observers is globally timelike. Let 
us rewrite Eq. (|3.59|) as 



(3.67) 



with Comn — ^mn — fTi^ > 0, which are also positive- 
frequency modes with respect to the corotating observers. 
We have defined 9' = 6—ilt, and t can be interpreted here 
as the proper time of a rotating observer with angular 
velocity ft lying at r = 0, i.e. K = i9/9t|e'=const- Clearly, 
by determining the Bogolubov transformation among the 
"inertial" modes (|3.59[) and "rotating" modes (|3.67[) [see 
Eq. (I2?20l) ] , we obtain 



(3.68) 



where (z) stands for the set {m,n,kz). We conclude, 
thus, that there is no mixing between positive- and 
negative-energy ni o des b etween the two sets [see, e.g., 
iBirrell and DaviesI (|l982l )]. As a result, the Minkowski 
vacuum coincides with the vacuum state defined by the 
rotating observers, who would correctly conclude that the 
response rate of the corotating detectors confined inside 
the limiting surface vanishes. A similar analysis can be 
performed for the case of a compact space, like the one 
with topology 5*^ x K^, or the Einstein static universe. 



wherein the field is automatically confined ([Davies et all 
I1996D .34 



B. Weak decay of non-inertial protons 

As a second example, we discuss the weak decay of 
non-inertial protons. Although inertial proto ns are sta- 
ble a ccording to the standard particle model ( Yao et all . 
I2006D . non-inertial protons are not. This is so because 
the accelerating agent provides the required extra energy 
for the proton to decay. To the best of our knowledge, 
the first t o consider the weak decay of accelerated pro- 
tons were iGinzburg and Zharkovl ( 1964 ). who described 



the baryons by classical currents while treating the other 
particles as qu antized fields. At about the same time, 
IZharkovl (jl965l ) investigated the weak and strong proton 
decays (and other processes) in the presence of a back- 
gr ound electromagneti c field A ,,, by using the fo r malis m 
of iNikishov and Ritud (|l964al |bh [see alsolRitud (|l969l )]. 
treating all particles as quantum fields. More recently 
the weak decay of non-inertial protons u nder th e influ- 



ence of a gravitationa l field was s tudied bvlMiiller (1997), 
IVanzella and MatsasI (|2000l ) and lFregolente et al\ (12006 ). 



Here we review a model of the weak decay of uni- 
formly accelerated protons from the point of view of 
inertial and Rindler observers. For the sake of sim- 
plicity we present a model with a two-dimensional 
spacetime and massless neu trinos (using four-co mponent 
spinors for the leptons) ( Matsas and Vanzella . ,19991 ; 
IVanzella and MatsasI . l200lh , but a four-dimensional com- 
prehensi ve calculation with massiv e neutrinos can be 
found in ISuzuki and Yamadal (|2003l ). We evaluate the 
proton proper decay rate with respect to inertial and 
Rindler observers and show that the results obtained are 
in agreement when the Unruh effect is taken into account 
in spite of the fact that uniformly accelerated protons are 
static according to Rindler observers. It will be interest- 
ing to see that what inertial observers interpret as being 



n°e^ 



are interpreted by Rindler observers as being the combi- 
nation of the following channels 

(m) p^e^ n'^iy', (Hi) p^D — > nPe'^ , (iv) p^e^P — > n", 

where the e~'s and D^s on the left-hand side are Rindler 
electrons and antineutrinos, respectively, absorbed from 
the Unruh thermal bath. In our procedure, we take into 
account the proton-neutron mass difference by introduc- 
ing a semiclassical rather than classical current. The cur- 
rent is "classical" in the sense that the proton-neutron is 
associated with a well defined world line and "quantum" 
in the sense that it behaves as a two-level quantum sys- 
tem. 

The trajectory of a proton with proper acceleration 
a = const along the z-axis in Minkowski spacetime is 
given in Cartesian coordinates by 2 = vP + o^. This 
can be written more simply as p = a^^ = const, where 
we are introducing a new set of Rindler coordinates (p, 77) 
which are related with it, z) by 



t = psinh77 , z ~ p cosh 77, 



(3.69) 



and < p < +00, -00 < 77 < -1-00 [see Eq. (|2.34|) ]. Thus, 
we describe our uniformly accelerated proton through the 
vector current 



Other investigations on the response of particle detectors in 
spacetimes with non-trivial to pology and endow ed with bound - 
aries can be found in Copclan d et al Lll98i), lAbd l|l990h . 
iLaneloij | |2005| . |2006|) and iDavies et al\ l ll989l) . 



(3.70) 



where q will be associated with a small coupling constant 
and is the nucleon's "two-velocity" : u^^ = (a, 0) and 
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= (\J a^t"^ + 1, at) in Rindler and Minkowski coordi- 
nates, respectively. 

The current (|3.70p is suitable for describing stable ac- 
celerated protons but must be improved to allow proton- 
decay processes. For this purpose, we consider the nu- 
cleon as a two- level system. In this model, neutrons |n) 
and protons |p) are going to be seen as excited and unex- 
cited states of the nucleon, respectively, and are assumed 
to be eigenstates of the nucleon Hamiltonian H: 



H\n) = m„|n), H\p) = TOp|p), 



(3.71) 



where m„ and nip are the neutron and proton masses, 
respectively. Accordingly, to consider nucleon decay 
processes, we replace q in Eq. (|3.70p by the Hermitian 
monopole 



(3.72) 



In order to keep a unified procedure for inertial and accel- 
erated frame calculations, we have orthonormalized the 
modes (|3.75p - (|3.76p according to the same inner-product 
definition that will be used in Sec. IIII.B.2I 



(3.77) 



where -0 = V^7''- (Iii ttiis section, we have chosen 
t = const for the hypersurface S.) Then, the canon- 
ical anticommutation relations for fields and conjugate 
momenta lead to the following simple anticommutation 
relations for creation and annihilation operators: 



{h., = {dk.Jl.,} = S{k ~ k') 6. 



(3.78) 



where KmplgolTin) | = Gp, which is dimensionless, plays 
the role of an effective Fermi constant. As a result, the 
current (I3.70|) will be replaced by 



j^ = g(r)M''(5(p-a-i). 



(3.73) 



1. Inertial observer perspective 



{ha, h'a' } = {dka, dk' a' } = {bka, dk'a' } ^ {ha, rfl'cr' } = 0- 

(3.79) 

Next, we model the relevant weak interaction by cou- 
pling the electron and neutrino fields, and ^'i^, min- 
imally to the nucleon current (j3.73p using the parity- 
conserving Fermi action 



Let us first analyze the weak-decay process (i) of uni- 
formly accelerated protons in the inertial frame. We shall 
describe electrons and neutrinos as fermionic fields: 



dk 



{ha^^,;/\t,z)+dljlrl{t,z) 



E 

(3.74) 

where bka and d^^ are annihilation and creation opera- 
tors of fermions and antifermions, respectively, with mo- 
mentum k and polarization a. In the inertial frame, 
the frequency, momentum and mass m are related in 
the usual way as w = Vfc^ +m'^ > 0, and V"!^""* and 
tpl.^'^^ are positive- and negative-frequency solutions of 

the Dirac equation i^*^ d ^ip'"^^'^ — mip'j^^'' = 0. By us- 
ing the 7^ matrices i n the Dirac representation [see, e.g., 
Iltzvkson and Zubed (|1980D ]. we find 



/2^ 







and 



^i{^LOt+kz) 



k/ ^2u){uj ± m) 






±^J{uo±m)/2uj 




(3.75) 



(3.76) 



\ -k/^2uj{ijj±m) j 



Si = 



-53M(*-7"^e+'I'e7^^'.), (3.80) 



where g is the determinant of the spacetime metric com- 
ponents gfj_iy. Note that the second term inside the paren- 
theses on the right-hand side of Eq. ()3.80p does not con- 
tribute to the process (i). The vacuum transition ampli- 
tude is given by 

-^(T' = ('^l mI Si |0m) b). (3.81) 



By using the current (|3.73p in Eq. (|3.80p and recalling 
that Sj acts also on the nucleon states in Eq. p.8ip . we 
obtain 



^P^" = Gf / dt I dz- 



00 ^ —00 



00 ^iAn 



'S{z - y/t^ + a-2) 



az 



X Uf,{e+^^^,iyk^a^M\^^l^^e\OM), (3.82) 

where Am = m„ — nip, t = a^^ sinh^^(ai) is the proton- 
neutron proper time and we recall that in Minkowski 
coordinates the two- velocity is -u^ — {\J d?-i'^ -t- 1, at) [see 
below Eq. ([XTO)) ] . By using the fermionic field ((5?7i)) in 
Eq. (|3.82p and carrying out the integral over z, we obtain 
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^^gi(Amr+a ^ {Ut^+uj,^} sinh ar— a (/Ce+Zcj^ ) cosh ar) 

X {[(wiy + m^){uje — rrie) + k^k^] cosh ar — [(cj^ + m^)ke + (cUe — me)fc,y] sinh ar}. 



Thus, the differential transition rate (PVf^^ / dk^. dk^ — ^_|_ ^_|_ calculated in the inertial frame is 



ds 



d^e 



i{Am^-\-2a ^ sinh[a^/2)[{LOjy+u>e) cosh as— (fc^ ) sinh as]) 



dkp dkn An^Lu^uJe 

X [{uj^LOe + k^ke) cosh 2as — {oJeku + u^kg) sinh2as — m^rrie cosha^]. 

I 



(3.83) 



Next, by defining 

ke{i.) -> fce(^) = -^eiiy) sinh(as) + kf,{^) cosh(as), 

we are able to perform the integral in the s variable, and 
the differential transition rate (|3.83p can be cast in the 
form 



1 d'V: 



d^e 



T dk'Jk'^ 47r2cj^cj^ 

X (uj'^uj'^ + k'^k'^ — m^me cosha^). 



(3.84) 



where T = ds is the total proper time and oj'^ 



The total transition rate F?^" ~ Vf^^ /T is obtained 
after integrating Eq. (j3.84p over both momentum vari- 
ables. For this purpose it is useful to make the change 



of variables k' 



e{u) 



K(u)l<^ and C 



A 



(Note that fce(j/) is dimensionless.) Thus, we obtain 

d\ 



27r2 



dke 



X exp[i(a)e + iI'i/)(A — A^"^)] 



dky 



(3.85) 



with u)e(v) = (^e(i/) + ^^(v)/ '^'^Y^'^ ■ Let us assume at 
this point rriu 0. In this case, using (3.871.3-4) in 
iGradshtevn and RvzhikI (jl980l ). we perform the integra- 
tion over A and obtain the following final expression for 
the proton decay rate: 



Gj^rhea 



27r3/2e7rA„ 



X Gi 



3 



-1/2, 1/2 -t- iA™, 1/2 - iAm 

(3.86) 



where 



f^rnn 
q 



is the Meijer function 

(|Gradshtevn and Rvzhi"3 . Il980t) . Am = Am/ a and 

ifie = mf./a. In Fig. [5] the proton mean proper lifetime 
Tp = 1/F?p" in this model is plotted. 



2. Rindler observer perspective 

In order to re-analyze the proton decay from the 
point of view of Rindler observers, it is useful to re- 
view the quan tization of the fermioni c field in the 
Rind l er wedge (iBautista . 1993t iC andel as and Deutschl . 
119781: iJareeui et aLl . ll99ll : ISoffel et ah . 

The line element of the Rindler wedge in terms of the 
Rindler coordinates {p, if) given in Eq. p.69p is written 
as [see Eq. (|235)) ] 



ds'' = p'djf - dp" 



(3.87) 



Now, the Dirac equation in a general spacetime cov- 
ered with arbitrary coordinates is written as (*7^V^ — 
TO)V'wcr = 0, where 7^ = (eQ,)^7" are the Dirac ma- 



trices in curved spacetime, = 



Fp and F^ 



Tl^]{^a)^'^ p.{ef3)\ are the Fock-Kondratenko con- 
nections. (The 7'^ are the usual flat-spacetime Dirac ma- 
trices.) In the Rindler wedge the relevant tetrads are 
(eo)^ = P~^Sq, {eiY — <5f . As a consequence, the Dirac 
equation takes the form 

[id / dri)ilj^„ = {-f°mp - ia3/2 - ipa3d/dp)ip^a, (3.88) 

where = 7*^7*. 

We shall express the fermionic field as 



^-(77,^): 



<T = ± 



duj 



(3.. 



where ipaia = fua{p)e~^'^'^^'^ are positive-energy solutions 
for w > and negative-energy solutions for w < with 
respect to the boost Killing field d/drj with polarization 
(T = ±. From Eq. ((3?88)) we obtain 



(3.90) 



where Hp = a{mp^'^ — icx-z/'i, — ipa^d / dp). Now, 
by "squaring" Eq. (|3.90p and defining two-component 
spinors Xj ij = 172) through 



Ucrip) = 



(Xi{p) 



X2{P) 



(3.91) 
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FIG. 8 The proton mean proper lifetime is plotted as a func- 
tion of the proper acceleration a for Gf = 10~^^. (This value 
of Gf approximately reproduces the inertial neutron proper 
lifetime of 900 seconds in this model.) Note that +oo 
for inertial protons (a — > 0) . 



we obtain 



d d 



d d 
^ dp^ dp j 



11 1 ^ 
m p + ^ I xi cr3X2, 



(3.92) 



1 uj' 



^ + )X2-— 



a 



(3.93) 

Next, we introduce the definition (j>^ = xi-fXi s-^d define 
and through 



(3.94) 



In terms of these variables Eqs. (|3.92p - (|3.93p become 
%%) = ^ 1/2)')C±, (3.95) 



The solutions of these differential equations can be 
written in terms of Hankel functions H'^^^^_^^^^{imp), 
j — 1,2, or modified Bessel functions Ki^/a±i/i{mp), 
Iiu/a±i/i{''np)- Hence, by using Eqs. (|3.9ip and (|3.94p . 
and requiring that the solutions satisfy the first-order 
equations (|3.90p . we obtain 



I Ki^/a+i/i{mp) + iKi^ia-i/iimp) 


K / a-i / limp) -iK,^/a+i/ limp) I' 

V 



/ 

Ki^/a+i/iimp) + iKi^/a-i/i{mp) 


V Ki^ia+i/2{mp) - iKiuj/a-i/iimp) 



Note that solutions involving Iiuj/a±i/2 turn out to be 
non-normalizable and thus must be discarded. In order 
to find the normalization constants 



A, 



A_ = [mcosh(7rw/a)/(27r2a)]i/2, (3.97) 



we have used ( Birrell and Davie"^ . Il982[ ) 



(3.98) 

[see also Eq. p.77p ]. where -0 = ij]^^^ and S is set to 
be the line r/ = const. Thus, the normal modes of the 
fermionic field p.89p are 

ip^+ = [mcosh(7rw/a)/(27r2a)]i/2e-*'^''/'' 

KtLo/a+i/iijnp) + iKtuj/a-i/iimp) 


-K.^/a+i/iimp) + iK^^/a-i/iimp) 




(3.99) 



and 



= [mcosh(7rtj/a)/(27r2a)]i/2g-«^»,/a 

/ 

Kiu/a+i/iimp) -f- iK^^/a-i/i{mp) 


V Kiu>/a+i/i{-mp) - iK,^ia-i/i{mp) 

(3.100) 

As a consequence, the canonical anticommutation rela- 
tions for the fields and conjugate momenta imply that 
the annihilation and creation operators satisfy the fol- 
lowing anticommutation relations: 



{h^a. hl^,} = {d^a,dl,^,} - 5{uo - uo') 5^^,, (3.101) 



(3.102) 

Now, we are in the position to turn our attention to 
the inverse /3-decay of accelerated protons from the point 
of view of Rindler observers. In particular, the mean 
proper lifetime must be the same as the one obtained in 
Sec. IIII.B.ll but the corresponding particle interpreta- 
tion changes significantly. As will be shown, the proton 
decay, which is represented in the inertial frame in terms 
of Minkowski particles by process (i), will be represented 
in the uniformly accelerated frame as the combination of 
the processes (ii), {Hi) and (iv) in terms of Rindler par- 
ticles [see above Eq. (I3.69p ] . These processes are charac- 
terized by the conversion of protons to neutrons due to 
the absorption of and/or v and emission of v, e+ or 
no particle, from and to the Unruh thermal bath. Note 
that process (i) in terms of Rindler particles is forbidden 
because the proton is static in the Rindler frame. 

Let us calculate first the transition amplitude for pro- 
cess (m): 



"^(«)" = ('^l ® k^i^^a^ rI 5*/ \el 



r)(»|p), (3.103) 
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where Sj is given by Eq. (|3.80p with replaced by 7^ 
and our current is given by Eq. p.73p . Thus, we obtain 
[we recall that in Rindler coordinates = (a,0)] 



G 



'iJ - a - -I V. / ; 



(3.104) 



where we note that the second term in the parentheses of 
Eq. ((3^ does not contribute. Next, by using Eq. |3?89)) . 
we obtain 



G 

^('ii)" = / dr]exp{iAmri/a) 



(3.105) 



Using now Eq. (|3.99p and Eq. (|3.100[) and performing the 
integral, we obtain 



4Gi 



na 



■ -y/ rriem^ cosh(7rWe- / a) cosh(7rWy /a) 



X Re[K,^_^/a-i/2{fn^/a)K,^^_/a+i/2{me/a)] 
X S„^_^„J{uj^- -Lj^- Am). (3.106) 

The corresponding differential transition rate per ab- 
sorbed and emitted particle energies is given by 



1 d^T^p" 
T duJe- duJi, T 



(it) 



(3.107) 

where nF{uj) = 1/(1 + e^'^'^Z") is the fermionic ther- 
mal factor associated with the Unruh thermal bath and 
T = 27r(5(0) is the total nucleon proper time. By using 
Eq. |3T06l) in Eq. ((3T07)) . we obtain 



1 d'KT _^Gj 



(5(wg- — uj^ — Am) 



^{Re[K^^^/a-i/2{mu/a)K,^^_/a+i/2{me/a)]y. 

(3.108) 



By integrating Eq. (|3.108[) over uji, , we obtain the follow- 
ing transition rate associated with process (ii): 

pp_>„ _ AG^memi, 

(a) ~ ^3Q2g7rAm/a 

y~{Re[Ki(^^^__/s^^)la-i/2ijni, /a)Ki^^_+i/2{me/a)]Y . 

We recall that Rindler frequencies may take arbitrary 
positive real values (see Sec. IIII.A.3|) . Analogous cal- 
culations lead to the following transition rates for pro- 
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FIG. 9 Branching ratios BRf^af, BRfm-) and BR(^i^-) are plot- 
ted. Process (in) dominates over processes (ii) and (Hi) for 
small accelerations, while processes (ii) and (Hi) dominate 
over process (iv) for high accelerations. 



cesses (Hi) and (iv): 



TP 



(iii) 



AG^pm^mi, 

y3^2p7rAm/a 



yP^n _ '^G^pm^m^, 



^{Re[K^(^^^_^,y,ya-i/2{m^la)K^^^_+i/2{me/a)]Y. 



The proton decay rate is given by adding up all contri- 
4G'|nmeTOi/ exp(— 7rAm/a) 



butions: rg^" = rf^" + rp" -f rf^", namely 



pp- 



dw 



y-{Re\Ki(^_ls,rn)la^\l2{mvla)Ki^la+^l2(mela)\f . 

It is interesting to note that although transition rates 
have fairly distinct interpretations in the inertial and ac- 
celerated frames, mean proper lifetimes are scalars and 
must be the same in both frames. Indeed, by taking the 
limit m^, —^ and plotting Tp{a) — l/F^^" as a function 
of acceleration, we do reproduce Fig. [S]'^^ In Fig. [5] we 
plot the branching ratios 



R/?/ — ^^^^ R/?/ — jm) R f? 
i acc acc 



{iv) — pp— >n ■ 
i acc 



We note that for small accelerations where "few" high- 
energy particles are available in the Unruh thermal bath, 
process (iv) dominates over processes (ii) and (ziz), while 



At first, the decay rates calculated from the point of view of iner- 
tial and uniformly accelerated observers were shown to be equal 
only nume rically and the equal it y was limited by the machine 
precision llVanzella and Matsaj. l200lh . The precise analytic 
equiva lence was derived soon afterward bv lSuzuki and Yamadal 
l l2003t) . 
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for high accelerations processes (ii) and {Hi) dominate 
over process (iv). This is a interesting example of how 
inertial and Rindler observers may differ in the a phe- 
nomenon description, although they must agree on the 
output of the experiments associated with scalar observ- 
ables. 



C. Bremsstrahlung 

In our next example we use the Unruh effect to dis- 
cuss how the bremsstrahlung from a uniformly acceler- 
ated charge is described in the Rindler frame, addressing 
also the celebrated question whether or not uniformly 
accelerated electric charges radiate with respect to coac- 
celerated observers. It will turn out that the Rindler 
photons with "zero energy", which are characterized by 
their transverse mome nta, play a ce n tral ro le. Our dis- 
cussion closely follows iHiguchi et d\ (|l992allbl ) and does 
not assume that the reader is familiar with quantization 
of the electromagnetic field. 



A point charge uniformly accelerated along the z-axis 
in the Cartesian coordinate system can be represented in 
the Rindler coordinates (|2.36p hy^ — x = y = Q. The 
corresponding conserved current (V^jj^ = 0) is, then, 
given by 



f = qS{OS{x)S{y), J^=f=f = 0. 



(3.109) 



Let us analyze the emission of photons with fixed trans- 
verse momentum k_L = {kx,ky). The fact that k_L is 
invariant under boosts in the z-direction allows us to di- 
rectly compare the emission and absorption rates cor- 
responding to Minkowski and Rindler photons with the 
same transverse momentum. 

We shall quantize the electromagnetic field defined by 
the Lagrangian density 



C 



-g[{l/A)F^,F^^'' + {2a)-\V^A,,f] (3.110) 



with the corresponding field equations in the Feynman 
gauge (a — 1) being 

V''i^^^, + V,(VM^) = V^V^A, -0, (3.111) 



and calculate the response rate of the charge with respect 
to both inertial and Rindler observers. 



^® For a series of recent papers which include a critical historical 
description on hyperbolicall y moving charges i n the c ont ext of 
class ical electrodynamics see lEriksen and Gr Onl l|2000al lblig. l200l 
|2004) . 



1. Inertial observer perspective 

According to inertial observers, we write the quantized 
electromagnetic field A^{x) as 



3 



2(27r)3fco 



i(^)(k)e(-^)(k)e-^^'' 



H.c. 



(3.112) 

with fco = yfeF+^a' where A labels the mode po- 
larization. We sha l l ado pt here the notation used in 
lltzvkson and Zubed (|l980l ). 

We assign A the value for what we call the non- 
physical modes, 1 or 2 for the physical modes and 3 for 
the pure-gauge modes. The pure-gauge modes are those 
which can be written as A^f'''-' = for some scalar 

field <I>(x) and satisfies the Lorenz condition 



V,,A'^ = 0. 



(3.113) 



The physical modes satisfy the Lorenz condition and are 
not pure gauge. Finally the non-physical modes do not 
satisfy the Lorenz condition. Accordingly, we choose the 
polarization vectors e]^'^ as 



e(0)M 
e(2)M 



(-1,0,0,1)/V2, (3.114) 

(0,1,0,0), (3.115) 

(0,0,1,0), (3.116) 

(l,0,0,l)/\/2, (3.117) 



in the Cartesian frame chosen such that fc^ = 
(|k|, 0, 0, |k|) (where the first component is the time com- 
ponent). 

The amplitude of emission of a photon with momentum 
k and polarization A by the accelerated charge in the 
Minkowski vacuum is 

A^^-^^ = (k,AMN j d^xf{x)A^(x)\OM) 

= I I d4a;j'^(x)e(-^)(k)e*("*-'""). (3.118) 



The Cartesian components of the current p.l09|) can be 
written as 



j'^ = ga(z,0,0,t),5(O<5(x)5(y), 



(3.119) 



where <5(0 = 5[z - + a-^Y'^]/ {az). 

Next, we can express the total probability of emission 
of photons with fixed transverse momentum kj^ , divided 
by the total proper time T = 27rJ(0) of the accelerated 
charge during which the interaction remains turned on, 
as 

i"i?t°t = ^/ dfc^|^(^-'^)|Vr, (3.120) 

where dk^ = dk^ /[{27r)^ 2 ko], and the sum runs only over 
the physical polarizations A = 1,2. Using Eq. p.llSp in 
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Eq. (|3.120p . one has 



inntot 



dh / d^x / rf4^'e*-(*-*')-^k.(x-x') 



'^^^)(k)6W(k). 



Now, we note the identity 

2 



y-e(A),(A) 



,.(0),(3) 



£(3),(0) _ 



(3.121) 



(3.122) 



where rj^i, is the metric of Minkowski spacetime. Because 
of the current conservation d^j^' — 0, and due to the fact 

(3) 

that e/i is proportional to , the first two terms in 
Eq. ()3.122|) do not contribute when one substitutes it in 
Eq. (I3.12ip . Hence, as is well known. 



d^x J d^x'r{x)j^{x') 

X exp[iuj{t - t') - ik • (x - x')]. (3.123) 



Next, by substituting the current (|3.119p in this formula, 
we obtain 



npti 
rii. 



' T 



dr' dr" cosh a{T' -t") 



X / dkz cxp [— {ikz I a) (cosh ar' — cosh ar" )] 

o 

X exp[(ifco/<^)(sinh ar' — sinh ar")], 

where we have made the coordinate transformation t = 
sinh ar. Now, it is necessary again to factor out the 
total proper time T = dr, where r = (r' + r")/2. 
To this end, we use the momentum transformation p.lOp 
with m = 0. Then, wc find 



nr>ti 
it I. 



X exp 



oo 

dk\ I da cosh aa 

— oo 

acr 



— - sinh — 
a 2 



(3.124) 



where dk'^ = dk'J[{27r)^2k'Q] and ct = r' - r". To evalu- 
ate this integral we cut off the contribution from large \a\ 
smoothly by letting cr — > tr + 2ie (where e is an infinites- 
imal positive number) in the exponent, and taking the 
limit e — > in the end. (Otherwise this integral would 
be indefinite.) Then, by introducing another change of 
variables as s+ = [(fcn -I- fcC)/fc i je^""''^ ^, and using the 
formula ( Gradshtevn and Rvzhikl . [[QSOf l 



dx ^ 



exp 



ijj. 



X 



(3.125) 



where Im /i > 0, Im(/3 /i) < 0, we obtain 

-i?r>^k^ = ^\K,{k^/a)\'d'k^. 
^ 47r'^a 



(3.126) 



This is the total emission rate of Minkowski particles as- 
sociated with a uniformly accelerated charge. A simi- 
lar discussion as the one commented on in Sec. IIII.A.5I 
concerning whether or not uniformly accelerated elec- 
tric charges radiate ca n be traced back u p to a bout 
half a century ago [see iFulto n and RohrlichI (|l96nD and 
references therein]. We recall that the radiation reac- 
tion force on a uniformly accelerated electric charge van- 
ishes. The classical radiation reaction forc e is known 
to have some unusual features (|Bariitl . \imh but it was 
recently shown t o be i n agreement with quantum field 
theorv (iHiguch i'. 2002; ' Hieuchi and Martini . |2004 120051: 
iKrivitskii and TsvtovichT 199ll ). Clearly, no problems 
arise when one deals with physical situations where elec- 
tric char g es ar e accelerated for a finite time interval 
(|Jacksonl Il999b . Accordingly, Eq. (|3.126p should be 
seen as approximating the one obtained when an elec- 
tric charge is uniformly accelerated for long enough. 



2. Rindler observer perspective 

Now, we shall evaluate the response rate associated 
with the current (|3.109p according to Rindler observers 
by considering the Unruh thermal bath. The response 
will consist of emission and absorption of photons to and 
from the Unruh thermal bath. It is clear that the rate of 
spontaneous emission is zero because the current (I3.109P 
is static. However, it does not imply that the rates of in- 
duced emission and absorption vanish as well. This is be- 
cause these rates are proportional to the number of pho- 
tons present in the thermal bath which couple to the cur- 
rent ()3.109p . Since the number of zero-energy (Rindler) 
photons in the (Unruh) thermal bath, which are the rel- 
evant ones in this case, is infinite, the rates of induced 
emission and absorption are indefinite. Hence one needs 
to regularize the current (|3.109p to make both its strength 
of coupling to the field and the relevant photon number 
finite. (The regulator is removed in the end.) 

Let us discuss our regularization procedure in two 
steps. First we modify Eq. (|3.109p by considering a 
charge oscillating with frequency E 



f = V2q cos ET6{0S{x)S{y), / = f = f 



--0, 
(3.127 



and take the limit £' — > in the end (jKolbenstved 
Il988f ). The factor %/2 appears because the radiation 
rate, in first order of perturbation, is proportional to 
the square of the charge. When the oscillation is slow, 
i.e. when E <^ a, k±, the charge is expected to interact 
with the field as if it were a constant charge at each r. 
(We assume continuity of the rate in the limit £^ ^ 0.) 
Hence, the r-average of the square of the charge must be 
set equal to and, therefore, the factor is necessary. 

Now, the current (|3.127p does not satisfy electromag- 
netic charge conservation. For this reason we replace 
this current by an oscillating dipole arrangement with a 
charge at ^ = and the other one at infinity (which is 
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omitted here because it does not affect the final result) 
described by 

f = V2qcos{ET)S{i)S^{yij_), (3.128) 
j« = V2qE sm{ET)e-'^''^9{0S^{xA^), (3.129) 
f = f = 0. (3.130) 

The current flowing to ^ = oo will not contribute to 
the final results. Its only importance is to keep the con- 
dition = valid and make the computation gauge 
independent even before taking the limit E 0. 

Next, we analyze the interaction of the source (|3.128p - 
p.l30p with the Maxwell field in the Rindler wedge. For 
this purpose we need to expand the electromagnetic field 
by the positive- and negative-frequency modes defined 
with respect to the Rindler time r. We again deal with 
the Lagrangian density for the electromagnetic field in 
the Feynman gauge given by Eq. I|3.110p with a = 1, 
and the field equations in the Feynman gauge given by 
Eq. p.llip considered now in the Rindler wedge. The 
presence of dr, dx and dy as Killing fields makes it suffi- 
cient to look for solutions of Eq. (|3.11ip of the form 

^(^A.c^,k_L)(2.) ^ j^A,a>,fe_L)(^)g«(k^-x_L-^r)_ (3.131) 

Then, we expand the electromagnetic quantum field in 
terms of annihilation and creation operators as 

//•oo 

3 



X 



(3.132) 



A=0 



where A 



(A,w,ki) 



(x) are solutions of the form given in 
Eq. (|3.13ip . These modes are conveniently expressed in 
ter ms of t he solutions of the scalar field equation □(^ = 
[see lCandelas and D cutsch (19771)]. For each set of quan- 
tum numbers the solution, which does not diverge as 
^ -foo, is obtained by letting m = in Eq. (|2.92p : 



.(w,kj_) _ 



sinh(7ra;/a) 



1/2 



(3.133) 



One can choose a set of independent normal modes as 
^(o,c^,k^) ^ c("''^^''^)(O,O,/fc:,0,fcj,0), (3.134) 
^a,-,k,) ^ di'"'''^)(O,O,fcj,0,-fc,<^), (3.135) 
^(2,^,k^) ^ c(2''^'k^)(c)^c/),-iw0,O,O), (3.136) 

(3.137) 

where A^^ = {Ar,A^,Ax,Ay), C^^''^'''^) are normaliza- 
tion constants, and 6 = (h^'^-^^\ The modes A^n''^'^^'^ are 



the non-physical modes because VA^"'"'*'^'' ^ 0. It can 



readily be shown that the modes A 



(A,w,ki) 



with A = 1, 2 



satisfy the Lorenz condition A^'^''^''^^'' = 0. Thus, 

these are the physical modes. The modes cx 
Vp^'^'^^''^' are the pure-gauge modes. 

The normalization constants C*-*^ can be determined 
from the canonical commutation relations of the fields 
by requiring suitable commutation relations for the op- 
erators a(i) and aj^^. [Here the label {i) represents 
(A,a;, kj^).] In this context, it is convenient to introduce 
the generalized Klein-Gordon inner product 

(AW,A(J'))kg = / rfS^iy^i^W^vl^J')] (3.138) 

between any two modes A^^'^ and ^{f'', where the inte- 
gration is performed on some Cauchy surface S for the 
Rindler wedge, e.g., any hypersurface r — const, and 
where 

^mmW^^O")] = ^=(AW*7r(^')^^ -^(^'VW'^"*) 

(3.139) 

with TT^*)^" = ^C/^^,A^\A^^A^,^^. The ^T^'^^"' are calcu- 
lated in the Feynman gauge to be 

^ ^3^[V''A(^)^-V^AW''-g^''V„AW"]. (3.140) 

It can be seen [see, e.g., iFriedmanI (Il978l) ] that the field 
equations ensure conservation of the current (|3.139p . and 
thus the inner product (I3.138P is independent of the 
choice of the Cauchy surface S. 

From the canonical commutation relations one finds 



[(A«,i)KG,(A^'-''^)KG] = (A«,A(^')) 



KG- 



(3.141) 



[See Eq. |(2T2| .] This equation and Eq. (|3.132p imply 
that 

(A«,A«)kg[«(o,4o](^'''^'^^'^)kg = (A«,A(^'^)kg, 

(3.142) 

where we have used the fact that positive- and negative- 
frequency modes can be shown to be orthogonal to each 
other. The schematic summation over I represents inte- 
grations over uj and k_L as well as the summation over A. 
Next, define the matrix M(') |-^") = (^W , ^(J ))kg. Then, 
Eq. (|3.142p implies [see. e.g.. iHiguchil (|l989l )] 



(3.143) 



where {M is defined by 

(M-1)(,)(,)M(')(^) = 5^^'5{u: - c^')'5'(k± - k^) (3.144) 

with (i) = (A,w,kj_) and (j) = (A',w',k^). 

Now, by using the inner product (j3.138p for the nor- 
mal modes (I3.134p ~ (l3.137p . we can verify the following 
orthogonality properties: 



4(A'„ 



)kg = 0, A = 1,2, A' = 0,3. 

(3.145) 
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In other words, the physical modes are orthogonal to the 
pure gauge mode A = 3 and to the Lorenz condition 
violating non-physical mode A = and to each other. 
Hence, it is sufficient to know the restriction of the matrix 
MMU) to the physical subspace (i.e. to A = 1, 2) in order 
to derive the commutators among the physical annihi- 
lation and creation operators according to Eq. (|3.143p . 
Thus, by requiring the commutators of annihilation and 
creation operators associated with the physical modes 
(i.e. with A and A' being 1 or 2) to be 

(3.146) 

we find the normalization condition 

(3.147) 

for A, A' — 1, 2. For these modes we find 

(^(A,c^,k^)^^(A'V.kl)^^^ ^ ^AA'^2^|(^(A,a;,k^)|2 

^(^Kk,)^^(..',kl))^^^ 

(3.148) 



where 



KG 



(3.149) 

is the Klein-Gordon inner product for the scalar field 
defined by Eq. (|2.12p and where is given by 

Eq. (|3.133p . Since the solutions are normalized 

as scalar mode functions, we have 

(^(a,,k,)^ ^(^',kl))^^ = <5(c. - - kl). (3.150) 

Substituting this equation in Eq. (|3.148p and comparing 



A,aj,k_L ) 



the result with Eq. p.l47p . we find |C( 
for A = 1,2. Thus, the physical modes with A 
Eq. ipi^ ] are 



— n,j_ 

2 [see 



/l(2,c^,ki) 



1 



27r2/ci 



sinh(7r[j/a) 



-,1/2 



(94(/i,-icj(/),0,0), 



(3.151) 

up to a constant phase factor. In fact we only need these 
modes because the current p.l28p - p.l30|l will excite nei- 
ther the physical modes with A = 1 [see Eq. ()3.135|) ] nor 
the modes with A = or A = 3 via the interaction La- 
grangian density 



(3.152) 



Now, to lowest order in perturbation, the amplitude 
of emission of a Rindler photon with quantum 



/I cm 

•^(A.w.ki) 

numbers (A,u;,k_L) into the Rindler vacuum state [Or), 
which is defined by a(A,ii;,kj_) |0r) = for all (A,(jj,kj^), is 
given by 



-4(A:c.,k,) =(A,c.,k^H|z / d''x^g2^{x)A^{x)\^^), 

(3.153) 



where |A,u;,k_LR) 



J Or). It is straightfor- 



"(A,w,ki) 

ward to compute which is the only non- 

vanishing amplitude, for the current ()3.128|) - ()3.130|1 us- 
ing Eqs. p.l32p and p.l46p with Eq. p.l5ip . We obtain 



sinh(7r i?/a) 



-,1/2 



_E2 

ak I 



dz 



J- Jfc^/a 



'-K,Eia{z) \ , (3.154) 



where the derivative with respect to the argument is de- 
noted by a prime. 

We are interested in the differential probability of 
emission per unit time and unit area in the transverse- 
momentum space given by 

2 

dW^^{^,k^) = ^ |^^5::^,fe,)|^dc^/T, (3.155) 

A=l 

where T is the time interval while the interaction remains 
turned on. We thus obtain 

dW^^(LO,k^) 



47r3( 



■sinh(7r£'/a)5(£'-cj) 



dz 



ak± Jk, /a z 



K^E/a{z) 



duj, 
(3.156) 



where we have used (5(0) = T/27r. 

The total differential rate (per unit area in the 
transverse- momentum space) of emission of photons with 
given transverse momentum kj^ into the thermal bath 
can be written as [see Eq. (I3.2ip ] 



pcm 



1 



(3.157) 



The two terms inside the parentheses are associated 
with the induced and spontaneous emissions, respec- 
tively. Evaluating the integral in Eq. (|3.157p and taking 
the limit i? — > (thus removing the regulator), we obtain 



\Ki{k^/a)\^d^k^. 



(3.158) 



Similarly, the total absorption rate of photons per unit 
area in the transverse-momentum space is 



pal 



abs 



dWt%i^,k±)-—, . 



On unitarity grounds we have 

dW^^^^uj, kj^) = dW^^'^uj, fc_L), 



(3.159) 



(3.160) 
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and one can evaluate Eq. (|3.159p using Eq. (|3.156p . We 
obtain in the limit i? — > 



87r3a 



\K,{k^/a)\'d'k 



±- 



(3.161) 



The reason for the equality of i?^ and i?f is that the 
spontaneous emission becomes negligible in comparison 
to the induced emission as E approaches zero. It is also 
interesting to note that it is the existence of an infinite 
number of zero-energy Rindler photons in the thermal 
bath that prevents and Rf^ from vanishing. In the 
absence of the thermal bath, the emission and absorption 
rates would vanish. 

Next, we recall that since there is no interference be- 
tween the processes of emission and absorption of Rindler 
photons at the tree level, the total response rate will be 
given by adding Eqs. p.l58p and p.l6ip . We find, thus. 



'"'Rl°^(fk_i_ = 



\Ki{k^/a)\^<fk^. 



(3.162) 



By comparing this equation and Eq. p.l26p we find 



c^tot 



""Ri 



(3.163) 



Thus, we have established by explicit calculations that 
the rate of photon emission from a uniformly acceler- 
ated charge can be reproduced by summing the rates of 
emission and absorption of zero-energy Rindler photons 
in the Unruh thermal bath.'^^ This also answers one of 
a series of questions concerning the Equivalenc e Prin - 
ciple and the r adiation concept [see iGinzburd ( 1969f ): 
iRohrlichl (Il96lfl and references therein]. From our dis- 
cussion in Sec lIILATSl it should be clear that zero-energy 
Rindler photons are not detectable since they concen- 
trate on the horizon. As a consequence, Rindler ob- 
servers do not find emission of classical radiation from 
uniformly accelerated charges although inertial observers 
do. 3^ This is in agreement with conclusion s obtained 
in the context of classical elec tromagnetism ( Boulwar3, 
119801: lEriksen and GrOnl . I2004D . 

A related question raised in this context is whether 
or not static charges in gravitational fields should radi- 
ate. The quantization of the e lectromagnetic field o utside 
black holes can be found in ICognola and Leccal ( 1998( ) 



and ICrispino et~ai\ (|200ll ). This was used to analyze the 
respo nse of static charges coupled to the Hawking radia- 
tion ( Crispino et aLl . [l998l ). Because these charges lie at 
rest with respect to the observers following the integral 
curve of the Killing vector generating the global timelike 
isometry with respect to whom the particle content of 
the field theory is extracted, the response is solely asso- 
ciated with the em ission and absorp tion of zero-energy 
Boulware photons ( Boulwar^ . Il975al lbl). As a result, no 



classical radiation is e mitted by the static charges as seen 
by the static observer ( Eriksen and GrOiil . 12004 ).^^ 



IV. EXPERIMENTAL PROPOSALS 

This section will be mainly concerned with reviewing 
two complementary aspects, namely, "proposed experi- 
mental tests of the Unruh effect" and "the possible con- 
tributions of the Unruh effect for the explanation of ex- 
perimental data" . [For an extensive reference list of ex- 
periments related to the Unruh and Hawking effects see 
IRosu (2001j).] We have already stressed that the Un- 
ruh effect does not need experimental confirmation any 
more than free Quantum Field Theory does. This fact 
does not invalidate, however, explanations of laboratory 
phenomena from the point of view of Rindler observers 
in terms of the Unruh effect. On the contrary, such ex- 
planations are interesting, and looking at some problems 
from the point of view of Rindler observers also can bring 
new insights. This is how we shall understand here the 
experimental proposals of "testing" the Unruh effect. 



A. Electrons In particle accelerators 

Among the first attempts to explain experimental 
da ta in terms of t he Un ruh effect is the one due 
to iBell and Leinaaj ( 19831 ). The fact that the trans- 
verse polarization of electrons and positrons in par- 
ticle storage rings is not perfect has been observed 
for some time. The "transverse polarization" here 
means the polarization perpendicular to both space ve- 
locity and acceleration, i.e. along the direction of the 
magnetic field responsible for the bending. Positrons 
and electrons are polarized in the directions paral- 



The analogous situation where the electric charge coupled to 
the Maxwell field is replaced by a scalar source coupled to a 
massless Klein-Gordon field has also been investigated in free 
space ((Diaz and StcDlianv, 2002; Ron and Weinberg,. 1993) and 
in the presence of boundaries llAlves and Crisping . |2004) . An 
equality analogous to Eq. 113.1631 1 is satisfied in these cases as 
well. 

A discussion on how one can account for the change in the energy- 
momentum content of the radiation field in spite of the fact that 
uniformly accelerated charges are in equilibrium with the unde- 
tectable zero-en ergy Rindler photo ns of the Unruh thermal bath 
can be found in lPefia et oil l l2005t) . 



A surprising coincidence appears as one considers the response 
of static scalar sources interacting with a massless Klein-Gordon 
field outside a Schwarzschild black hole with the Unruh vacuum. 
Such a source behaves as if it were moving with the same proper 
acceleration in the inertial vacuum of Minkowski spacetime 
l|Hi£uchi et al\ . Il997l ) . This equivalence was expected when the 
source is close to the horizon (Grishchuk et al,, 1987) but not 
every where. I ndeed, by considering other vacua (Higuchi et al\ , 
Il998t) as in [ H artle and Hawking! l|l976l ). other spacetimes 
ICa stin eiras ariT^atsa! | 200ol) . fields (ICastiiieirafi et al\ . 
2003 i: ICrispino et aif " Il998f ) or spacetime dimensionalities 
ICrispino et aLL " l200^ the equivalence is broken. 
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lei and antiparallel to the magnetic field, respectively. 
ISokolov and Ternovl (|1963D studied the electron-positron 
polarization in storage rings first assuming a h o moge - 
neous magnetic field. Next, Baie r and Katkovl (I1967D 
generalized this result to inhomogeneous magnetic fields. 
A more comprehensive analysis was performed further 
bv lDerbenev a nd Kon dratenkol ( 19731 ). The polarization 
is built up gradually in time according to the formula 



P{t) = Po(l-e 



-t/t-o 



"p), where the maximum polar- 



ization achieved in ideal conditions is Pq = 8/(5-\/3) ~ 
92.38% and the characteristic build-up time in the labo- 
ratory frame is 



^build up 



5V3 6^7^ 



Here rrie and e are the electron mass and charge, re- 
spectively, p is the curvature radius of the orbit and 
7 = l/Vl — is the usual relativistic factor. For cir- 
cular orbits p coincides with the circle radius; otherwise 



ds. 



where p{s) is the radius of curvature at each point on the 
orbit and s is the spatial distance of the corresponding 
point from some arbitrary origin defined on the orbit. 
The photon power radiated due to the spin flip, /spin flip, 
can be compared with the one due to synchrotron radia- 
tion, /synchrotron 7 by 



-'spin flip 
/synchrotron 



= 3 



7 



niep 



1± 



35^/3 Y 
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where the positive and negative signs should be used 
when initially the spin state is exci ted and deexcited , re- 
spectively [see iJacksonI ( 1976f ) and iMontaguel ( 19841 ) for 
comprehensive reviews on the spin-flip synchrotron radi- 
ation and the polarization of electrons in storage rings] . 

Although theoretical investigations adapted to iner- 
tial observers were already performed, Bell and Leinaas 
posed the question whether or not it would be possi- 
ble to use the spin as a sensitive thermometer and in- 
terpret the depolarization of accelerated electrons from 
the point of view of comoving observers through the Un- 
ruh effect. The coupling between the electron spin and 
a background magnetic field induces an energy gap AE 
between the "spin up" and "spin down" states, making 
it a two-level system. If the distribution of spin-up and 
spin-down states of the accelerated electrons satisfied the 
detailed balance relation, one could easily interpret the 
observed depolarization in terms of the Unruh effect (see 
Sec. IIII.A| . If this was the case, the polarization 



P 



-R 



dccxc 



R 



would be given by 



P 



1 



-13AE 



(4.1) 



(4.2) 



where we have used Eq. (|3.40p . 

For linear accelerators, Bell and Leinaas obtained for 
the excitation and deexcitation transition rates, ^^'^R and 
dooxcjj^ (here denoted by r+ and r_ , respectively) 

8^2 AEiAE^ + a^) 



3 l-exp(±27rA/;/a)' 

where it is assumed for these machines that the magnetic 
field points to the acceleration direction, p, — ge/(4me) 
is the magnetic moment and g « 2.0023 is the electron 
gyromagnetic factor. As a result, in this case the elec- 
tron polarization (|4.ip would indeed lead to Eq. (|4.2p if 
the actual machine specifications did not impose techni- 
cal impediments. At the Stanford linac with an accel- 
erating field of lOMV/m, for example, the Unruh tem- 
perature associated with the corresponding proper accel- 
eration of 2 X 10^^(70 ((70 « 9.8 m/s'^) would be about 
/3-1 = 0.7 X IQ-^K. The fact that this temperature 
is much smaller than the ordinary background tempera- 
ture of about 300 K does not cause a substantial prob- 
lem since the infiuence of the backgr ound thermal bath 
is damped for relativis t ic ele ctrons ( Costa and Matsa'i . 
119951 : IGuimaraes et all Il998t) . This is so because the 
background photons are Doppler shifted in the electron 
proper frame and so most of them are pushed away from 
the absorbable band. The main problem here is related 
with the "thcrmalization" time. For instance, the po- 
larization build-up time at the Stanford linac is much 
larger than the flight time (actually much larger than 
the lifetime of the Universe). As a result, no equilibrium 
polarization would be built up in linear accelerators. 

In order to decrease the polarization build-up time, 
larger accelerations are necessary. Large enoug h accel- 
eratio ns arc indeed achieved in storage rings ([Barbeil . 
Il999l ). For instance, at the LEP/CERN, HERA/DESY 
and SPEAR/Stanford conditions, polarization equilib- 
rium states could be achieved in a couple of hours, half 
an hour and 10 minutes, respectively.^" However, some 
cautionary remarks are in order. Firstly, the Thomas 
precession plays a major role when electrons are in cir- 
cular motion, in contrast to the case of linear accel- 
eration, and cannot be disregarded. Secondly, if the 
electrons are not linearly (and uniformly) accelerated, 
the results concerning the Unruh effect are not guar- 
anteed to be applicable to them. Thus, there is no 
compelling reason to expect that the detailed balance 
relation (|3.40p and consequently Eq. (|4.2p should hold 
here. The intrinsic difficulties in the attempt to derive a 
variant of the Unruh effect for circularly moving detec- 
tors was already discussed in Sec. IIII.A.7I Nevertheless, 



Experiments at SPEAR measuring the maximum polariza- 
tion and corres ponding b uild-up time have be en reported by 
ICamerini et al\ (1975) and I Johnson et al\ lll983f) . while spin po- 
larization at the HERA, and LEP elect ron storage-rings hav e 
been reported bvlBarber et al\ l| 19941 ) and lAssmann et al ] ||l995r i: 
iKnudsen et all lll99lh . respectively. 
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FIG. 10 The frequency-dependent temperature [see 
Eq. (|4.3p ] is plotted as a function of AE/a and compared with 
the corresponding one given by the Unruh effect: l/(27r). For 
AE ^ a, one obtains /3"Va = l/(2\/3). 



Letaw and Pf autschI (|T980l ). lBell and Leinaad (|l983D and 
Takagi (1986) have argued that the response of ultra- 
relativistic Unruh-DeWitt detectors in uniform circular 
motion [see Eq. (|3.57p ] and that for those Hnearly ac- 
celerated [see Eq. p.28p ] have some resemblance.'*^ In- 
deed, by calculating the excitation-to-deexcitation ratio 
^'^'=i?^=7'^'=°'^'K^=° for circular motions, where '='''=i?^'i=° 
is given in Eq. p.57p and 

2TT 2VT2 

and equating^'^'=i?™=o/^™'^'H^=o to the detailed balance 
relation (|3.40p satisfied by uniformly accelerated detec- 
tors, one is led to define the frequency dependent temper- 
ature^^ 

(3-^ _ AE/a 
~Q~ ^ ln[l + 4:V3{AE/a) exp{2V3AE / a)] ' 

Note that for AE ^ a and AE ^ a, one gets 

/3~Va~ l/(2%/T2) and /3"Va ~ 1/(2^3), 

respectively (see Fig. [T0|. One should interpret f3~^ in 
Eq. (|4.3p as an effective temperature experienced by the 
detector in circular motion.'*'^ 



(4.3) 



41 Actually, iTakaeil | |1984) found that the response of a Unruh- 
DeWitt detector with uniform circular motion and speed v is 
better approximated by the one of an Unruh-DeWitt detector 
with a combined motion made of linear acceleration and uniform 
translation with speed v in the direction perpendicular to the 
acceleration. 

'^'^ We recall that Eq. 1 13. 571 1 was calculated assuming ultra- 
relativistic detectors and, th us. Eq. I|4.3[l sho ul d be seen 
as an approximation. S ee iLetaw and PfatschI | |1982|) and 
lObadia and MilgromI ||2007| ') for more details. 
This temperature is "effective" because, due to the dependence 
of /9~l on AE, it cannot be considered as the temperature of a 
legitimate thermal bath in contrast to that for the Unruh thermal 
bath. 



Now, at first sight it would not be unnatural to ex- 
pect that ultra-relativistic electrons in storage rings had 
a polarization approximated by 



Pi 



1 



-TTg 



1 



(4.4) 



where we have used Eq. (|4?2|) with AE = 2\^j,\\B'q\, 
/i = ge/4me, = a/(27r) — e|BQ|/(27rme) and we 

recall that g « 2.0023 is the electron gyromagnetic fac- 
tor. Here Bg is the magnetic field in the inertial frame 
instantaneously at rest with the electron. In this case a 
description of the depolarization in terms of Rindler ob- 
servers could be discussed along the same lines as the ex- 
citation of accelerated detectors (see Sec. lIII.A| . Clearly, 
this would be an "indirect" connection with the Unruh ef- 
fect, since no real thermal bath of Rindler particles could 
be associated with observers comoving with the rotating 
electrons. 

On the other hand, detailed inertial frame calculations 



( Derbenev and Kondratenkol Il973t iJacksonl Il976[ ) show 
that the polarization is actually given by 

P2 = i^2(5)/[J^i(5)e-^l^l 



{9l\~g\)F2{g)], (4.5) 



where g = {g — 2)/2, 

12 



;;2 



5%/3|.g| 



1 + 



23g 

17g^ 
12 



15 
24 



1454 
15 



9' 



(4.6) 



and 



^^2(5) = 



5\/3 



Ug 
3 



is2 



23g^ lOg^ 



2g^ 
~3~ 



(4.7) 

The fact that the polarizations (|4.5p and (|4.4p show sub- 
stantial differences (see Fig. fTTI) [although some sim ilari- 
ties can be a lso poin ted out fBell and Leinaa^ . ll983h ] was 
discussed bv lUnruhl (,1998 , . 1999 ). The difficulty to under- 
stand the polarization in terms of electromagnetic vac- 
uum fluctuations as experienced by the circularly moving 
observers stems from the fact that in this case the elec- 
tron should be seen as a system composed of two field 
detectors coupled to each other. In addition to the spin, 
the vertical fluctuations in the orbit should b e considered 
(|Bell and Leinaad . Il987t iLeinaasl . Il999l . 120021) .^^ By ana- 
lyzing the problem in the Fermi- Walker frame associated 
with the electron, it is concluded that the vertical oscilla- 
tion responds in a thermal-like fashion with a frequency- 
dependent temperature similar (but not identical) to that 
associated with the spin alone. Nevertheless, the subtle 
coupling between the two systems makes the joint sys- 
tem to have a polarization (|4.5p distinct from the simple 
thermal-like one 



' See also iBarber and Mane) ||1988D for a comparison 
of the procedures used by [ Bell and Leinaad l|l987l ) and 
iDerbenev and Kondratenkol l ll973l) . 
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FIG. 11 The polarizations Pi (solid line) and P2 (dashed 
line) given in Eqs. (|4.4p and (|4.5p . respectively, are plotted as 
functions of g. The two curves show substantial differences 
although some similarities can be also seen. 



B. Electrons in Penning traps 

The use of the degree of freedom associated with verti- 
cal fluctuations of a single electron in circular motio n as 
a detector was investigated further bv iRoger^ ( 19881 ). In 
this paper an experimental proposal is made in which 
an electron is bound radially by the laboratory mag- 
netic field Bo and axially by superimposing an electro- 
static restoring force given by a quadrupole potential 
(iBrown and Gabrielsel il98&) V = Voiz"^ - p^/2)/{2(P), 
where Vo,d = const, and z and p are the axial and radial 
coordinates, respectively. Thus, the electron is in a Pen- 
ning trap. As a result, an electron constrained to move in 
a circular cyclotron orbit around the trap axis with an- 
gular frequency t^o = e|Bo|/(7me) can oscillate axially 
with frequency Wz 



\J eVf) / {■^med'^) . The excitation of 
this degree of freedom could be interpreted as due to the 
vacuum fluctuation experienced by the circularly mov- 
ing electron. By surrounding the Penning trap with an 
electromagnetic cavity tuned to resonate at the electron 
axial oscillation frequency ujz , the energy of the axial mo- 
tion would be transferred to the cavity electromagnetic 
field where it would be measured. In general, electrons 
are captured by the trap in large orbits but their radii 
shrink rapidly due to the emission of syn chrotron radia- 
tion. In order to replace the energy lost, iRogerd 



suggests to irradiate the system with circularly polarized 
waves of frequency o^q. In the proposed experiment, an 
electron is assumed to have velocity v = 0.6 in a back- 
ground magnetic field of |B| = 1.5 x 10^ G. The axial 
and angular frequencies would be « 5 x 10^" s~^ and 



~ 2 X lO^^s ^, respectively, corresponding to a proper 
acceleration a — j'^vluq w 6 x lO^^g^ with a/27r « 2K. 



C. Atoms in microwave cavities 



IScullv et al] (120031 ) and iBelvanin eiai] (|2006D have 
considered a gedanken experiment assuming that a beam 
of two-level atoms are accelerated through a high-Q (i.e. 



low power loss) "single mode" microwave cavity. They 
have noted that even with a large acceleration frequency 
(defined as the acceleration divided by the speed of 
light) a « 10^ Hz, corresponding to the proper accel- 
eration as large as 3 x 10^^ g®, for an atom with energy 
gap of AE « 10i''Hz(« 4 x 10"^ eV), the excitation- 
deexcitation ratio (|3.40p of the atom would be 



exc^/docxc^ ^ g- 

which is extremely small, 
follow the world line 



-2TrAE/a 



10 



-200 



(4.8) 



The atoms are assumed to 



t(T) = to + a ^ sinh(Q!r), z(r) ~ a "'"(cosh(aT) — 1), 

where to = t{T)\r=o is the moment in the laboratory 
time when the atoms begin to accelerate. They enter the 
cavity at t = and exit it later at t = Tg after staying 
in interaction for long enough, typically a{Te — t^) ^ 1. 

In spite of the minute value predicted by the Unruh 
effect for the situation described above, in a real exper- 
iment the ratio cxc^/deoxc^ 

can be much larger because 
the sharp boundaries of the cavity induce a nonadiabatic 
coupling of the form g^r) — iiE' between the atom and 
the electromagnetic field, where ^ is the atomic dipole 
moment and E' is the electric field as measured in the in- 
ertial frame instantaneously at rest with the atom. This 
may be seen as a sort of laboratory implementation of 
the finite-time detectors discussed in Sec. IIILA.6[ where 
the scalar field is replaced by an electromagnetic one. For 
the case where the photon frequency associated with 
the single-mode cavity satisfies ^ AE ^ a, the ratio 
of the excitation to deexcitation rates is found to be 



c^/dcoxc^ ^ a/(27rA£;), 



(4.9) 



which leads to a value enhanced by many orders of mag- 
nitude under the conditions given above: cxc^ydocxc^ ^ 
lO^'^. We note that even when the atom enters the cav- 
ity with constant velocity, the sudden turning-on of the 
interaction induced by the sharp boundaries makes the 
atom excitation rate to be nonzero. (Note that a photon 
is emitted in this excitation process.) Nevertheless, accel- 
eration still plays a role in the ratio o'^c^/dccxc^ g^g^^ 
in Eq. ((49)l . The authors note that Eq. (|48|) is recov- 
ered when one considers the limit of adiabatically slow 
switching-off of the interaction at infinitely distant cavity 
boundaries. In this case 

'='^'=7? cx nAE[asinh{TrAE/a)]~^e'''^^^", 
'^'='='^'=7? cx 7rA£:[asinh(7rAS/a)]-ie'^^-^/°. 



IBelvanin et all (|2006f ) also discuss the existence of pho- 
tons and their number in the cavity as a result of the 
interaction with the beam of atoms (see discussion in 
Sec. IIII.A.6[) . Clearly, the physical origin of the simulta- 
neous increase of the field energy and the internal energy 
of the atom is the work done by the external force, which 
drives the center-of-mass motion of the atom against the 
radiation reaction force. 
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Both the acceleration and boundary contributions to 
the photon emission from the ground state atom come 
from the counterrotating term cx a^tj^ in the interaction 
Hamiltonian, where is the photon creation operator 
and where the operator = \a){b\ converts the ground 
state 1 6) of the atom to its excited state \a). In the single- 
mode cavity case, we could also define an effective tem- 
perature 



P~g = AE/\n{2nAE/a) 



(4.10) 



by equating Eqs. (|4.8p and (|4.9p . Nevertheless, the Un- 
ruh and boundary effe cts should not be put on the same 
footing (|Obadial . l2007h . We note that Eq. ([4l^ is an ef- 
fective temperature depending on the details of the atom 
through AE in contrast to the Unruh temperature which 
is associated with a legitimate thermal bath of Rindler 
particles. 

Another possible physical implementatio n of a finite- 
time d etector was also discussed recently. lAlsing et all 
( 20051 ) have considered trapped ions prepared in the vi- 
brational ground state with a laser cooling procedure. 
The internal electronic state of each ion would play the 
role of a phonon detector through the use of an external 
laser which would couple it to the ion vibrational motion. 
Thus, this phonon detector could be turned on and off at 
will by controlling the external laser. Another interesting 
feature of this detector is that it would be easy to vary its 
energy gap by tuni ng the frequency of the external laser. 
lAlsine: et a.l\ (|200,qD also consider a linear ion trap to an- 
alyze particle creation in condensed matter analogues of 
expanding universes. 



D. Backreaction radiation in ultraintense lasers and related 
topics 

A different path pursued i n the literature concerns 
the use of ultrai n tense lasers ( Chen and Tajimal . Il999l : 
ISchiitzhold et all . l2006l ). It is known that the electric 
field of laser-driven waves of plasma can accelerate par- 
ticles in just a few meters to energies as high as the ones 
obtaine d by large convention al radio-frequency accelera- 
tors [see lMourou et al. lllooi) and references therein] . In 
plasma wakefield accelerators, a short pulse of laser light 
(or electrons) is responsible for a collective perturbation 
of the plasma confined in a cavity producing an elec- 
tromagnetic wakefield in the laser propagation direction. 
This wakefield can be surfed by some electrons which ac- 
quire very high accelerations. However, the direct effect 
of the laser field on the electrons can induce even larger 
accelerations (and decelerations) along every laser cycle. 
Electric field pulses not too far below the Schwinger limit 
(about lO^^V/m) are expected in future facilities. (The 
Schwinger limit is associated with the electric field above 
which the spontaneous creation of electron-positron pairs 
becomes favorable. This is so when the work done by the 
electric field along the electron Compton wavelength is 
at least about the mass of the electron-positron pair.) 



Electrons under the infiuence of fields with this magni- 
tude could reach proper accelerations as high as 10^* g^. 
Here, we shall be interested in interpreting the radiation 
emitted by such electrons in terms of the Unruh effect 
rather than in the behavior of internal degrees of free- 
dom. 

For the sake of simplicity, Chen and Tajima consider 
the case where two identical counterpropagating laser 
plane waves produce a standing wave. In this case, elec- 
trons can be treated as classical charges with well-defined 
trajectories. Let us consider linearly polarized lasers with 
angular frequency loq, wave number kg and propagation 
in the ±z directions: 

Ex = Eo[cos{ujot — koz) + cos{ojot + koz)], 
By — EQ[cos{ujQt — kgz) — cos{ujot + koz)], 

where E^ and By are the electric and magnetic fields 
in the x and y directions, respectively, as measured in 
the laboratory frame. The equations of motion for an 
electron under the influence of this field can be written 
as 



dpx/dt 
dpz/dt 



-eVxBy 



VzBy), 



where Px = mejVx and Vx = dx/dt. The largest electric 
field is found at the nodal points koz — 0, ±27r, . . . where 
Ex = 2Eq cos{ujQt) and By = 0. In particular, at z = 0, 
Chen and Tajima find 



'yVx — 2aosina;ot, 7 = 1 + 4aQ sin^ ujot, 

where ao = ei?o/(TOe'^o) is a dimensionless parameter, 
which characterizes the laser strength. The correspond- 
ing electron proper acceleration is, thus, given by 

a ~ laQUjQ cosLJo^, 

and the total Larmor radiation power dlj^ jdt = 
(2/3)e2a2 is 



dli^jdt = (8/3)e^aoCi^o cos^ cjQ^- 



(4.11) 



Hence, the total energy radiated during each laser half 
cycle is AJ^ = (47r/3)e^aQa;o. 

We have shown in Scc. lIII.Cl how the radiation emitted 
by uniformly accelerated charges can be interpreted from 
the point of view of coaccelerated observers in terms of 
the emission and absorption of zero-energy Rindler pho- 
tons to and from the Unruh thermal bath, respectively. 
In this calculation, the charge was assumed not to recoil 
in the emission/absorption process. This assumption is 
justified if the mass of the charge is much larger than 
the typical (Minkowski) energy of the photon emitted. 
In a real physical set-up, however, the electron backre- 
acts to the Larmor radiation. Chen and Tajima claim 
that this backreaction triggers additional "quivering ra- 
diation", which reflects the Unruh effect. They estimate 
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the power of this radiation, A/y, in comparison to that 
of the Larmor radiation, A//,, as 

AIjj 9 hajQ 



Air 



-aolog(ao/7r) « 3 x 10" 



(4.12) 



IQi 



where me is the electron mass, for ujq ~ 
ar id On » 100. 

ISchiitzhold et a/] ( 2006| l note that a Rindler photon 
seen to be scattered off a static charge by the Rindler 
observers should correspond to a pair of correlated 
Minkowski photons emitted from a uniformly acceler- 
ated charge as seen by the inertial observers. (Note 
that a Rindler photon with nonzero energy can cause 
this process in contrast to the Larmor radiation, i.e. the 
bremsstrahlung.) They propose this two-photon emis- 
sion process as a distinct signal of the Unruh effect, they 
argue that, as long as the acceleration is not close to the 
Schwinger limit, where the Unruh temperature becomes 
comparable to the electron mass, Rindler observers can 
describe the electrons as pointlike (Thomson) scatterers 
of Rindler photons. (In this regime the electron spin is 
not supposed to play any major role.) They assert that 
the most promising strategy to observe a signal of this 
radiation above the background Larmor noise would be 
by probing the angular distribution of the photon emis- 
sion; in contrast to the Larmor radiation, which has a 
well known blind spot along the motion direction, this 
two-photon radiation dominates inside small backward 
and forward cones. They also note that another signal 
would be the direct detection of correlated photons. 

Although the residual quivering radiation or correlated 
radiation of Minkowski photons could be explained and 
calculated by inertial observers using textbook quantum 
field theory'*^, it is certainly interesting to understand 
these processes invoking the Unruh effect. 

Finally, let us mention here some works concerning a 
detailed-balance relation obeyed by the transverse mo- 
mentum of a uniformly accelerated electron. The differ- 
ential probability of emission of a photon by a n electron 
i n a c onstant electric field E was obtained by iNikishovl 
( 1970l ) by means of an inertial frame calculation, where 
the electron and photon fields are quantized. The recoil 
causes the electron to change its momentum perpendicu- 
lar to the background electric field, which accelerates the 
electron. Let P{p± ~^ p'±) be the differential probability 
associated with the photon emission changing the modu- 
lus of the transverse momentum of the electron from p± 
to p'j_. iNikishov and Ritud (|l988[ ) find 

^|^^^exp(-/.A£), (4.13) 



where /3 ^ = a/27r with a = eE /rUe and 
A£ = p'l/2me - pi/2me. 



(4.14) 



This expression for A£ is valid even if p±^ and p'_^ are 
comparable to rrie. If <C m,,, then 



AE 



p'l 



(4.15) 



IMvhrvoldl (Il985h calls 

-|- the transverse energy 
of the electron with transverse momentum p_L and claims 
that the relation (|4.13p reflects the Unruh effect for 
P±tP'i_ ^ 'JT-e- Indeed Eq. (|4.13p is similar to the detailed 
balance relation (j3.40p . which was derived assuming hy- 
perbolic motion of the source. Although the relation 
()4.13p may well be closely related to the Unruh effect, the 
former does not directly follow from the latter because 
the connection between the Rindler energy [in Eq. (|3.40p ] 
and the transverse energy [in Eq. (|4.13|) ] is not entirely 
clear. 



E. Thermal spectra in hadronic collisions 

Now, let us turn our attention to insights that the Un- 
ruh effect can bring to explain some experimental data 
in hadronic physics. The Unruh effect has been con- 
sidered as possibly helpful in explaining the puzzling 
therm al-like emission spect r a observed in hadron colli- 
sions d Barshay e< all 1 19801 : iBarshav and Troosli Il978l: 
lKharzeevk.2006[ ). The main idea is that in the collision 
process, hadrons would feel in their rest frame a large Un- 
ruh temperature, which would lead them to quiver and 
interact accordingly. It is conjectured, then, that the 
thermal-like emission of Minkowski particles observed in 
hadron processes would be a reflection of it. In some 
sense, it may be that a quivering-like radiation which 
we have discussed in Sec. IIV.DI in a quite different con- 
text becomes the explanation for this puzzling aspect of 
hadron collisions. As we have said, the Unruh thermal 
bath is not required for the investigation of accelerated 
systems from the point of view of inertial observers. For 
these observers, "plain" quantum field theory must suf- 
fice for a complete phenomenon description. Neverthe- 
less, it would be certainly interesting if the Unruh ef- 
fect could bring new insights to the understanding of this 
problem. 



F. Unruh and Moore (dynamical Casimir) effects 

There have also appeared some proposals of using the 
Moore effect, often called dynamical Casimir effect, as a 



IChen and Taiimal ((1999') also propose to exploit the blind spot 
of the Larmor radiation. 

We have favored the term "quivering" rather than "Unruh" radi- 
ation, as appears sometimes in the literature, to emphasize that 
this does not depend on the Unruh effect any more than the 
Larmor one does. 



Recent investigations also considering th e backreac ti on o n 
accelerated systems can b e found in IParentanil lll995tl, 
Par entani and Massarl l|l997f) . iGabriel et al\ l|l998l ') and iReznikI 
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way to test the thermal bath observed by Rindler ob- 
servers. Here we discuss why the connection between the 
Moore and Unruh effects is tenuous and cornment briefly 
on some few selected proposals. We refer to iRosul ( 2Q0ll ) 
fo r a more exte nsive list. 

iMoord (|l970t ) and later iDeWittI (|l975f ) found indepen- 
dently that photons can be created by moving mirrors 
in the Minkowski vacuum. An interesting connection be- 
tween the Mo ore effect and the Hawking radiation was 
established by iDavies a nd Fulling! (Il977b|) and more re- 
cently revisited by ICal ogeracos ( 2002a|l3). These au- 
thors consider a massless scalar field in two-dimensional 
Minkowski spacetime equipped with a reflective bound- 
ary. At t = the boundary begins to move to the left 
following the trajectory 



z{t) = —K In(coshKt), 



(4.16) 



where k, = const and = {t, z) are the usual Cartesian 
coordinates.*® We note that asymptotically the corre- 
sponding world line becomes lightlike. (Notice that the 
proper acceleration of the boundary is Kcosh/tt ^ n.) 
Eventually, the receding boundary induces a thermal flux 
of Minkowski particles to the right characterized by a 
temperature k/2t:. (This would not be so if the bound- 
ary were uniformly accelerated.) The energy content as- 
sociated with the particle emission was also inve s tigate d 
([Fulling and Daviesl . [l976l ) [see also lCalogeracod (|2004l )]. 
There is, thus, a similarity between the flux of Minkowski 
particles, which are emitted from the receding boundary 
and the Hawking radiation of Boulware particles pro- 
duced in a black hole formation process. 

Now, by approximating the line element of a black hole 
close to its horizon by that of the Rindler wedge as dis- 
cussed in Sec. IHLA.3[ we can establish a correspondence 
between static observers outside the horizon and Rindler 
observers, where the former and latter observers are im- 
mersed in the Hawking r adiation and Unruh therm al 
bath, respectively [see also iGinzburg and Frolovl ( 19871 )]. 
This leads to the following loose connection 

Moore effect <^ Hawking radiation <^ Unruh effect, 

where the Moore effect is seen as a flat spacetime ana- 
log of the Hawking effect and this is connected with the 
Unruh thermal bath close to the black hole horizon. It 
should be stressed, however, that although the observa- 
tion of the Moore effect would be very interesting, this 
would not constitute a experimental verification of the 
Unruh effect. It is worthwhile to emphasize that the ther- 
mal flux associated with the Moore and Unruh effects are 
formed of Minkowski and Rindler particles, respectively, 
which are quite different. The Moore, Hawking and Un- 
ruh effects, although related, have features which make 
them distinct. 



Despite the fact that the Moore and Unruh effects are 
only linked through the indirect reasoning above, we com- 
ment briefly on some experime ntal proposals , whic h are 
interesting in t heir own r ight. lYablonovitchI ( 1989[ ) [see 
also lYablonovitch et al. 1 (I1989D ] has recently discussed 
the possibility of using media with varying index of re- 
fraction to observe a Moore-like effect. When a gas is 
suddenly photo-ionized, its index of refraction drops from 
about 1 to 0. This disturbs the vacuum in a way similar 
to what an accelerated mirror does. [For a compara- 
tive discussion between thes e two similar effects see, e.g., 
Ijohnston and Sarkail ( 19951 ).] Likewise, sudden creation 
of electron-hole pairs in a semiconductor slab can quickly 
reduce the refractive index from about 3.5 to 0. Consid- 
ering a general medium with time-varying index of re- 
fracti on n = n(t) which i nstantaneously jumps from hq 
to n. lYablonovitchI ( 19891 ) found an expectation number 
of created modes with wave vector k given by 



where \Pkk' \ = |n — no\Skk' / (2-ynno). The experimental 
prospect of the laboratory verification of Moore-like ef- 
fects in the near future seem very prom ising [see, e.g., 
( Kim et l200d lUhlmann et aal2004D ]. 



V. RECENT DEVELOPMENTS 

Recently, a number of issues connecting Quantum Me- 
chanics, Relativ ity and Informat i on T heory have been 
investigated [see lPeres and Ternd (l2004i) for a critical re- 
view] . Here we comment briefly on some of these issues 
and other topics that have the Unruh effect as the central 
theme. We refer the reader to our list of references for 
more details. 



A. Entanglement and Rindler observers 

As is well known, mixed states can be obtained from 
pure states by tr acing out (i. e. ignoring) some of its de- 
grees of freedom (|Zurekl . ll99ll) . However, it was not obvi- 
ous until recently that the "amount of mixin g" could de- 
pend on the observer. For a spin- 1/2 svstem lPeres et oil 
(I2OO2D found that, in general, different inertial observers 
will find distinct values for the corresponding von Neu- 
mann quantum entropy 



Notice that by identifying t, 2 and k with t, § and a, respectively, 
we obtain Eq. 1 12. 36( 1 with z = a^^. 



5- = -Tr(p'°^ lnp'°^). 

Here p'""^ is the reduced density matrix associated with 
the spin- 1/2 particle, which is obtained after the mo- 
mentum degrees of freedom are tra ced out. Later on, for 
a pair of massive spin- 1/2 particles ICingrich and Adamil 
( 2OO2I ) found that by tracing out the momentum de- 
grees of freedom, different inertial observers will assign 
in general distinct entanglements between the particle 
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spins. A similar conclusion was reached for the entangle- 
ment between the pol arization of a pair of photon beams 
(iGingrich et 1200.'^ . 

Although the entanglement between some degrees 
of freedom can be transferred to others as shown 
above, all inertial observers will agree about the en- 
tanglement of the full state. This is not the case, 
however, when non-inerti a l obs ervers are involved. 
iFuentes-SchuUer and MannI (|2005f ) investigated the en- 
tanglement between two modes of a free massless scalar 
field as seen by inertial and uniformly accelerated ob- 
servers. They reached the conclusion that the existence 
of a horizon for the Rindler observer leads in general to 
loss of information. The entanglement which appears to 
be maximal for inertial observers is degraded according 
to the Rindler ones because of the Unruh effect. The au- 
thors suggest that analogous conclusions should be valid 
close to black holes when inertial and Rindler observers 
are replaced by free-falling and static ones, respectively. 
A thorough investigation of such questions in general 
curved spacetimes would be very interesting. 



vacuum associated with one of the Rindler wedges are 
traced out. Then, the combined initial state 



Pin ^ PR® 



(5.1) 



must be evolved through the interaction Hamiltonian 
leading to Pout ■ Kok and Yurtsever find the final reduced 
density matrix associated with the qubit by tracing out 
the field degrees of freedom as 



Pq.out — out / 

1 / S'o + S'e 5*0 



2 V '^0 So + Sa J ^ 

where 

71 

= (l-e-2-A£;/a)|^^|2^„g-2™A£/a/Q^^ 

Se = (l-e-2"^^/'^)i^2^(7i + l)e-2-"^^/7Q, 



(5.2) 



B. Decoherence of accelerated detectors 

Discussions on the decoherence of accelerated de- 
tectors have been co nt inuing since some years ago 
(|Audretsch et aZ.l . ll995l ). iKok and Yurtseveil (|2003[ ) con- 
sidered a qubit represented by a (uniformly accel- 
erated) Unruh-DeWitt detector with free Hamiltonian 
Hq — AE b^b, where AE is the energy gap between 
the two internal degrees of freedom |0) and |1) of the 
qubit, and b and b^ denote the lowering and raising op- 
erators, respectively, acting on the corresponding two- 
dimensional Hilbert space: 

6|0)=0, fe^|0) = |l), 5|1) = |0), P\l)=0. 

The qubit is coupled to a real scalar field $(x, t) through 
the interaction Hamiltonian 

Hi{t) = e{t) [ $(x,t)(V'(x)6 + V;(x)fet)y3^d3x, 



Here, (3„ = 1 + n\^\'^/2 + {n + l)i^^/2, where 



where ip{x) is a smooth function which vanishes outside 
a small volume around the qubit. The integration is over 
the global spacelike Cauchy surface E given by t = const 
(with t being the usual Cartesian time coordinate) and 
e{t) is a time dependent coupling constant, which van- 
ishes everywhere except within a finite time interval At 
where e{t) = e = const. Before the acceleration takes 
place, the qubit is prepared in the state 

|V^) = (|0) + |l))/^/2", 

which is combined with the field state described by the 
reduced density matrix (|2.78p . We recall that this is ob- 
tained when the degrees of freedom of the Minkowski 



V2AE 



2(0Fk3)i/2 



(5.3) 



and K is a length scale setting the spatial range of the 
interaction. Then, they show that the purity Tr(p^ ^^j) 
decreases monotonically with the qubit proper accelera- 
tion a, as expected. 



C. Generalized second law of thermodynamics and the 
"self-accelerating box paradox" 

In a colloquium delivered at Princeton University in 
the early 1970's R. Geroch raised the possibility of violat- 
ing the ordinary second law of thermodynamics with the 
help of classical black holes. The idea was to bring slowly 
from infinity a box with proper energy i?b over the event 
horizon and throw it eventually inside the hole. The cycle 
would be closed by lifting back the ideal rope character- 
ized by an arbitrarily small mass. Because static asymp- 
totic observers would assign zero energy to the box at 
the event horizon, the hole would remain the same after 
engulfing it. This would challenge the ordinary second 
law of thermodynamics, since eventually all entropy as- 
sociated with the box would vanish from the Universe 
with no compensating entropy increase elsewhere. 

As an objection to Geroch's process, Bekenstein ar- 
gued that quantum mechanics would constrain the size 
and energy of the box accordingly. This constraint would 
make it impossible for all parts of the box to reach the 
event horizon at once and, thus, the black hole would 
necessarily gain m ass after engulfing the box. Then, 
iBekensteinI ( 19731 ) conjectured that black holes would 
have a nonzero entropy S'bh = A/A proportional to the 
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event horizon area A and formulated the generalized sec- 
ond law (GSL), namely, that the total entropy of a closed 
system (including that associated with black holes) would 
never decrease. This opened a new whole subject called 
"black hole thermodynamics" .'^^ Now, because the GSL 
would be violated if the entropy of the box S satisfied 
S > 2ttEi,R, where R is the proper radius of the smallest 
sphere circumscribing the box, Bekenstein conjectured 
in addition the existence of a new thermodynamical law, 
namely, that every system should have an entropy-to- 
energy ratio satisf ying S/Ey, < 2'kR. 

Later, however, lUnruh and Waldl ( 1982| ) concluded^" 
that by taking into account the buoyancy force induced 
by the Hawking radiation, the GSL would not be vi- 
olated even without the imposition of the constraint 
•SZ-Eb < 2ttR. The thermal ambiance outside the hole 
would prevent the box from descending beyond the point 
after which the energy delivered to the black hole would 
be too small t o guarantee i55'hh > S as de manded by the 
GSL [see also iMatsas and da Silval ( 20051 )]. However, by 
accepting that the box floats due to the Hawking radia- 
tion, we are led to conclude that a box in the Minkowski 
vacuum would be able to self-accelerate because of the 
Unruh thermal bath.^^ 

The "self-accelerating box para dox" was recently revis- 
ited bv iMarolf and SorkinI (|2002t ). They concluded that 
the heat absorbed by the box walls would increase their 
masses preventing the box from floating outside the black 
hole and, thus, self-accelerating in Minkowski spacetime. 
Although this would solve the self-accelerating box para- 
dox, the GSL seemed to be in danger again. However, 
iMarolf and Sorki i (|2002l) presented a way out to save 
the GSL without the introduction of any extra entropy- 
bound law by assuming the existence of "box-antibox 
pairs" in the Hawking radiation . Furt her discussion can 
be found in IMarolf and SorkinI (|2004D and in the next 
section. 



D. Entropy and Rindler observers 

Even if the GSL is not violated in the thought ex- 
periment above, one could think of more extreme situ- 
ations where objects with flxed energy and volume but 
carrying an arbitrary amount of entropy are beamed to- 
ward a black hole. In order to analyze these situations, 
IMarolf et al. I (120041) considered a large enough black hole 
to reduce the problem again to the corresponding one 



with a Rindler horizon. They concluded that, although 
inertial observers assign an entropy equal to the loga- 
rithm of the number of internal states n to an arbi- 
trary object, this would not be the case for Rindler ob- 
servers. For bodies with a large number of internal states, 
n 3> 1, Rindler observers would assign an entropy of 
only Sr « EfiP, where Eji is the Killing energy associ- 
ated with the Rindler observers and = k/2tt is the 
corresponding temperature associated with the surface 
gravity k. As a result, a falling object which crosses the 
horizon would respect the GSL according to the Rindler 
observers no matter how many internal states (i.e. how 
large entropy is according to the inertial observers) it 
might carry. The inertial observer, at the same time, 
should raise no doubt about the GSL since he/she would 
never lose sight of the object. This illustrates how subtle 
the entropy concept can be in General Relativity. 



E. Einstein equations as an equation of state? 

The four laws of black hole mechanics, which are 
closely connected with the four laws of black hole thermo- 
dynamics were derived by assuming the Einstein equa- 
tions. .Jaco bson (1995) has put forward the intriguing 
idea of turning the logic around and deriving the Einstein 
equations by assuming (i) the proportionality of entropy 
and the horizon area and (ii) the fundamental relation 
SQ = TdS^ where SQ and T would be interpreted as the 
energy flux and Unruh temperature, respectively, seen 
by an accelerated observer just outside the horizon. In 
this sense, Einstein equations could be seen as an "equa- 
tion of state" of spacetime. Because of its importance 
to Thermodynamics, Relativity, Information Theory and 
Quantum Gravity, black hole thermodynamics will un- 
doubtedly continue attracting a lot of attention in the 
near future, and the Unruh effect should keep being a 
useful tool in the investigation of these issues. 



F. IVIiscellaneous topics 

Several other issues connected with the Unruh ef- 
fect have attracted attention recently. In parallel 
to the investigation of the decoherence of the in- 
ternal state of single accelerated detectors as com- 
mented in Sec. IV. Bl studies of the entanglement be- 
tween independent accelerated detectors coupled to a 
back ground field can be found i n the literature [see, 
e.g., Benatti and Floreanini (I2004D: iMassar arid Spindell 



Recently there have been some works on how the laws of thermo- 
dyna mics associated with black hole horizons can be extended to 
what ljacobson and Parent ani (2003) call causal horizons, i.e. the 
boundary of the past of any timelike curve A of infinite proper 

length in the future directio n. 

See also lUnruh and Waldl l|l983l ') in response to iBekensteinI 
||1983|) . 

This would be so because of the Unruh temperature gradient 
along the box in the acceleration direction. 



(I2OO6I): iPringld (Il989l): iReznik a/.l (l2005l)1 Re- 
cently 'Alsing and MilburnI (|2003l ). lAlsing et al\ (|2004[ ) 
and [Alsing et al. (2006) have considered the teleporta- 
tion of a state between an inertial and a Rindler ob- 
server. Although the authors' conclusion that the fidelity 
of the teleportation will be in general reduced due to 
the Unruh effect may be correct in the end, the details 
will probably depend on the particular experimental set- 
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up. For instance, ideal uniformly accelerated rigid cavi- 
ties prepared in t he Rindler v a cuum would keep thermal 
fluctuations out ( Levin et al\ . [1993) and the Unruh ef- 
fect wou ld not be responsible, i n pr inciple, for fidelity 
loss [see ISchiitzhold and Unruhl ((2005,) for further con- 
siderations] . More detailed investigations are expected 
in the near future when the Unruh effect should be- 
gin to be studied in con nection with quantum commu- 
nication ( Bradleii |2007( ). A different sort of question 
which one may pose is whether or not sufficiently ac- 
celerated Rindler observers would see broken symmetries 
being restored becaus e of the high temperature of the 
Unruh thermal bath dEbert and Zhukovskyl l2007l : Iffiil 



1985 iKharzeev and Tiichid . 120051 : lOhsakuL l2nn4f l. Fi 

nally, the Unruh effect has also gained im portance in 
quant um gravity theories [see, e.g.. iSusskind and UglurrJ 
(|1994| )]^^ and condensed matter physics ( Unruhl . Il98ll ) 
because of its close relation with the Hawking effect. 
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APPENDIX A: Derivation of the positive-frequency 
solutions in the right Rindler wedge 

In this Appendix we present a derivation of the normal- 
ized positive-frequency modes in the right Rindler wedge. 
First let us show that the normalization condition (|2.87[) 
leads to the ^-function normalization (|2.88p of the func- 
tion gujkAO- Define 



VI. CONCLUDING REMARKS 

The Unruh effect has played a crucial role in our un- 
derstanding that the particle content of a field theory is 
observer dependent. It expresses the fact that uniformly 
accelerated observers in Minkowski spacetime associate a 
thermal bath of Rindler particles to the no-particle state 
of inertial observers. As a Quantum Field Theory effect, 
it does not depend on extra structures such as particle 
detectors or other measuring apparatus. By the same 
token, the Unruh effect does not require experimental 
confirmation any more than free quantum field theory 
does, although some observables can be more easily com- 
puted and interpreted from the point of view of uniformly 
accelerated observers using the Unruh effect. This is a 
matter of convenience and not of principle. We have ded- 
icated Sec, mil to discuss in detail sonic physical phenom- 
ena using plain quantum field theory adapted to inertial 
observers and shown how the same observables can be 
recalculated from the point of view of Rindler observers 
with the help of the Unruh effect. 

The Unruh effect is also useful as a theoretical lab- 
oratory to investigate phenomena such as the thermal 
emission of particles from black holes and cosmologi- 
cal horizons because it retains many essential features 
of these phenomena while reducing their technical com- 
plexity. Because of the importance of the Hawking (and 
Hawking-like) effect(s) to Thermodynamics, Information 
Theory, Quantum Gravity and Cosmology, the Unruh ef- 
fect should continue being a valuable tool in the future 
to those who intend to investigate these issues. 



^■^ See also, e.g.. |Parentani and Pottmdl|l989l '). who have considered 
uniformly accelerated observers in the vacuum of free strings. 
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By the differential equation (|2.86p satisfied by gujk± and 
the condition (|2.87p we find 



guj'k^iO^glk^iO 



d_ 



"ok^iO-j^g^^'k^iO 



fa - {{lu - uj') sin [{lu + uj')A - -f{Lj) - j{uj')] 

TT 

-^{uj + Lj') sin [{uj - Lj')A - + 7(w')]} 
for ^ < 0, 1^1 ^ 1. Then, using the formula 



lim [sin(x^)]/a; = 'kS{x)^ 



(A2) 
(A3) 



we find 



+00 



d^gZkAOgu^'kAO 



lim Sa{^,^') 

A^oc 

S{lu - u'), 



(A4) 



identifying bounded terms oscillating with frequency ^ A 
with zero. 

Now, by changing the variable in the differential equa- 
tion (P^HS)) as 



X 



we find that this equation becomes 
.dx^ Xdx 



X 



gujk^ = 0. 



(A5) 



(A6) 



This is a modified Bessel equation with index icu/a (or 
—itu/a). Hence, together with the requirement that 
|5ajki(OI should not tend to infinity as ^ — > cx), we find 



5c^kj_(C) = C^k^Ki^/a[iK/a)e 



(A7) 
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where k = -^/fc^ + and C^^fe^ is a constant. Now, the 
modified Bessel function K^{x) is defined by 

^ (A8) 

2 sm VTT 

and the Bessel function Ju{x) for small |x| is approxi- 
mated as 



Mx)^[V{v + l)]-\x/2Y. (A9) 
[See lGradshtevn and Rvzhikl (|l98Cll ).] Hence, 

K M ~ ^ (a;/2)-/" (x/2)— /° \ 

'"^/"^ ^ 2sinh(7rw/a) \r(l + it^/a) r(l-iw/a)J 

(AlO) 



Note also 



\T{l + iuj/a)Y = T{\ + iuj/a)T{l-iuj/a) 
= — T (iuj / a)T [1 — iuj / a) 



asinh(7rti;/a) 



(All) 



Hence 



e*"(x/2)*"/'^ + c.c. 



a;sinh(7rti>/a) 

(A12) 

where a is a real constant. By comparing this formula 
with Eq. (|2.87[) , we find that the function gu,k± (0 satisfy- 
ing the differential equation (j2.86p and the normalization 
condition (|2.87p can be chosen as in Eq. (|2.9ip . 
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